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Theme 1

Canonical forms of matrices

1.1 19 January

1.1.1 Matrix representations of linear transformations
Linear transformations between two finite-dimensional vector spaces is determined by a matrix and vice-versa.

Example 1.1 (Examples of finite dimensional vector spaces). For any field F, and any positive integer n, Fn is a
vector space over F with dimF(Fn) = n.

Let V be a vector space with dimV = n andB = {v1, . . . , vn} be a basis of V. For any v ∈ V, ∃!
(
b1, . . . , bn

)
∈ Cn

s.t. v = b1v1 + · · ·+ bnvn.Then [v]B =
(
b1, . . . , bn

)
is the coordinate of v w.r.t. the basis B.The choice of a basis B

gives an isomorphism V ∼= Cn, defined by the projection map

πB : V −→ Cn

v 7−→ [v]B

Theorem 1.2. Let V be a vector space with dimV = n.Then TFAE (the following are equivalent):

• B = {v1, . . . , vn} is a basisa of V.

• B is a minimal spanning subset of V.

• B is a maximal linearly independent subset of V.

• For any v ∈ V, ∃!
(
b1, . . . , bn

)
∈ Cn s.t. v = b1v1 + · · ·+ bnvn.

a linearly independent spanning set

Let V,W be vector spaces with dimV = n and dimW = m. Let B = {v1, . . . , vn} and B′ = {w1, . . . , wm} be
bases for V andW respectively. Then any C-linear map T : V →W is determined by the images of the basis vectors,

T (vj) =

m∑
i=1

aijwi for j = 1, . . . , n and aij ∈ C.

Thus, we can associate to T the matrix [T ]B′

B = (aij)m×n ∈ Matm×n(C).This gives an isomorphism

πB
′

B : HomC(V,W ) −→ Matm×n(C)

T 7−→ [T ]B
′

B

4



1.2. 22 JANUARY Field Theory and Canonical Forms of Matrices

where HomC(V,W ) is the space of C-linear maps from V to W. In particular, the space of endomorphisms is
isomorphic to the space of square matrices of order n,

EndC(V ) := HomC(V, V ) ∼= Matn×n(C).

The space of invertible linear operators on V is called the general linear group of V, GL(V ),

GL(V ) := {T ∈ EndC(V ) : T is invertible} ∼= GLn(C) := GL(Cn).

1.2 22 January

Theorem 1.3. Let U, V,W be vector spaces with dimU = p, dimV = n and dimW = m. Let A, B and C be
bases for U, V andW respectively and U T1−→ V

T2−→W.Then T2 ◦ T1 : U →W is a linear map, and we have

[T2 ◦ T1]CA = [T2]
C
B[T1]

B
A. (1.1)

Proof. Let T : V →W be a linear map and B and C be bases for V andW respectively. Suppose B = {v1, . . . , vn}
and C = {w1, . . . , wm}.Then

[T (v)]C = [T ]CB[v]B.

If v = b1v1 + · · ·+ bnvn, then T (v) = b1T (v1) + · · ·+ bnT (vn). Since T (vj) =
m∑
i=1

aijwi, we have

T (v) =

n∑
j=1

bjT (vj) =

n∑
j=1

bj

m∑
i=1

aijwi =

m∑
i=1

 n∑
j=1

aijbj

wi.

So, [T (v)]C is the vector whose i-th component is
n∑

j=1

aijbj , which is precisely the i-th component of [T ]CB[v]B,



a11 a12 · · · a1n
...

...
. . .

...
ai1 ai2 · · · ain
...

...
. . .

...
am1 am2 · · · amn





b1
...
bj
...
bn

 =


...

n∑
j=1

aijbj

...

 .

Returning to the composition of linear maps (eq. (1.1)), we have for any u ∈ U,

(T2 ◦ T1)(u) = T2(T1(u)) =⇒ [(T2 ◦ T1)(u)]C = [T2]
C
B[T1(u)]B = [T2]

C
B[T1]

B
A[u]A.

Hence,
[T2 ◦ T1]CA[u]A = [T2]

C
B[T1]

B
A[u]A∀u ∈ U.

But Av = Bv for all v ∈ V implies that A = B, so we conclude that [T2 ◦ T1]CA = [T2]
C
B[T1]

B
A. ■

Corollary 1.4. Let T ∈ GL(V ) and B be a basis for V.Then [T−1]B = [T ]−1B .
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1.3. 2 FEBRUARY Field Theory and Canonical Forms of Matrices

1.2.1 Change of basis matrix
Let T ∈ EndC(V ) and B and B′ be two bases for V (dimV = n). On changing the basis from B to B′, the matrix
representation of T changes from [T ]B to [T ]B′ .We want to find how these two matrices are related.

Let B = {v1, . . . , vn} and B′ = {v′1, . . . , v′n}. Since B is a basis, we can write

v′j = c1jv1 + · · ·+ cnjvn =

n∑
i=1

cijvi for cij ∈ C.

Let PB←B′ = (cij)n×n ∈ Matn×n(C) be the change of basis matrix from B′ to B.Then we have

PB←B′ =
(
[v′1]B [v′2]B · · · [v′n]B

)
.

For v ∈ V, we have v = b1v
′
1 + · · ·+ bnv

′
n. So

v =

n∑
j=1

bjv
′
j =

n∑
j=1

bj

n∑
i=1

cijvi =

n∑
i=1

 n∑
j=1

cijbj

 vi.

This means
PB←B′ [v]B′ = [v]B. (1.2)

Similarly,
PB′←B[v]B = [v]B′ . (1.3)

We want to compare [T ]B and [T ]B′ .We will compute the coordinate vectors of the image w.r.t. both bases.

[T (v)]B′ = [T ]B′ [v]B′

[T (v)]B′ = PB′←B[T (v)]B

=⇒ [T ]B′ [v]B′ = PB′←B[T (v)]B

= PB′←B[T ]B[v]B.

Now, using eq. (1.2) for [v]B, we have

[T ]B′ [v]B′ = PB′←B[T ]BPB←B′ [v]B′ . (1.4)

Since eq. (1.4) holds for all v ∈ V, we conclude that

[T ]B′ = PB′←B[T ]BPB←B′ . (1.5)

Now, using eq. (1.2) and eq. (1.3), we have
PB′←B = P−1B←B′ . (1.6)

Hence, eq. (1.5) can be rewritten as
[T ]B′ = P−1[T ]BP, (1.7)

where P = PB←B′ . So [T ]B and [T ]B′ are similar matrices.
This allows us to define the trace and determinant of a linear operator T ∈ EndC(V ) as the trace and determinant

of any matrix representation of T. Since similar matrices have the same trace and determinant, this is well-defined.
So, we have tr(T ) = tr([T ]B) and det(T ) = det([T ]B), both independent of the choice of basis.

1.3 2 February

1.3.1 Direct sum decompositions
As internal and external direct sums are isomorphic, we will only talk about internal direct sums.

6



1.3. 2 FEBRUARY Field Theory and Canonical Forms of Matrices

Theorem 1.5. Let V be a vector space and U,W ⊆ V be subspaces of V. TFAE:

• For any v ∈ V, ∃!u ∈ U and w ∈ W s.t. v = u+ w.We then say that V is the internal direct sum of U
andW, denoted by V = U ⊕W.

• V = U +W and U ∩W = {0}.

• V = U +W and dimV = dimU + dimW.

• External direct sum is isomorphic to internal direct sum:

ϕ : U ×W ∼−→ V

(u,w) 7→ u+ w

Theorem 1.6. B1 is a basis of U and B2 is a basis ofW =⇒ B1 ⊔ B2 is a basis of U ⊕W.

1.3.2 Inner product spaces

Definition 1.7 (Inner product space). An inner product on a C-vector space V is a map ⟨·, ·⟩ : V × V → C such
that

• ⟨λv1 + µv2, w⟩ = λ⟨v1, w⟩+ µ⟨v2, w⟩ (linearity in the first argument)

• ⟨v, w⟩ = ⟨w, v⟩ (conjugate symmetry)

• ⟨v, v⟩ ≥ 0 with equality iff v = 0 (positive-definiteness)

for all v, v1, v2, w ∈ V and λ, µ ∈ C. (V, ⟨·, ·⟩) is called an inner product space.

There are some natural examples of inner product spaces coming from the standard inner product on Cn.

Example 1.8. On Cn, we have the inner product defined by ⟨a, b⟩ =
n∑

k=1

akbk where a = (a1, . . . , an) and

b = (b1, . . . , bn).This is called the standard inner product on Cn.

We will be working with a slightly different space, which is the free vector space on a finite set. Start with a finite set
X. Consider all maps from X to C, denoted by CX .Then CX is a vector space under pointwise addition and scalar
multiplication. It is easy to see that under these operations, CX is a vector space. For any x ∈ X, let δx : X → C be
the function defined by

δx(y) =

{
1 if y = x

0 if y ̸= x

Then Bx = {δx : x ∈ X} forms a basis for CX . So, dimCX = |X|.

Example 1.9.We can define an inner product on CX by

⟨f, g⟩ =
∑
x∈X

f(x)g(x).

This is called the standard inner product on CX .With this inner product, Bx is an orthonormal basis for CX .

Recall that orthonormal = orthogonal + unit vector.

• u, v ∈ V are orthogonal if ⟨u, v⟩ = 0.

7



1.3. 2 FEBRUARY Field Theory and Canonical Forms of Matrices

• S ⊆ V is an orthogonal if any two distinct vectors in S are orthogonal.

Theorem 1.10. Let S ⊆ V, 0 /∈ S and S is orthogonal. Then S is linearly independent.

Using Gram-Schmidt process, we can always find an orthonormal basis for a finite-dim. inner product space.

Theorem 1.11. Every finite-dimensional inner product space has an orthonormal basis.

The advantage of working with an orthonormal basis is that it is easy to write down the coordinates w.r.t. the
orthonormal basis. Let B = {e1, . . . , en} be an orthonormal basis for V.Then for any v ∈ V, we have

v =

n∑
k=1

⟨v, ek⟩ek, [v]B =
(
⟨v, e1⟩ . . . ⟨v, en⟩

)
.

Definition 1.12 (Norm).The norm of a vector v ∈ V is defined by ∥v∥ =
√
⟨v, v⟩.

Theorem 1.13 (Triangle inequality). For any v, w ∈ V, we have

∥v + w∥ ≤ ∥v∥+ ∥w∥ . (1.8)

Theorem 1.14 (Cauchy-Schwarz inequality). For any v, w ∈ V, we have

|⟨v, w⟩| ≤ ∥v∥ ∥w∥ . (1.9)

What is the advantage of working in an inner product space ? For example, let’s say we’re in a 2-dimensional
space V. Given a subspaceW1 of V, there will be many complementary subspaces ofW1.We sayW2 is a complement
ofW1 if V =W1 ⊕W2.

W1

W⊥1

If we have an inner product on V, then we can take the orthogonal complement ofW1, denoted byW⊥1 , as a
complement ofW1. So, we have a canonical choice of complement for any subspace of V. In the absence of an inner
product, we have no canonical choice of complement for a given subspace of V.

Theorem 1.15. Let V be an inner product space andW1 ⊆ V be a subspace of V and

W⊥1 = {v ∈ V : ⟨v, w⟩ = 0 for all w ∈W1} .

ThenW2 =W⊥1 is a complement ofW1, i.e. V =W1 ⊕W⊥1 .

Proof. We need to check thatW1 ∩W⊥1 = {0} andW1 +W⊥1 = V which is easy, because if v ∈W1 ∩W⊥1 , then
⟨v, v⟩ = 0 =⇒ v = 0. So,W1 ∩W⊥1 = {0}. For any v ∈ V, we want to write v as v = w1 + w2 where w1 ∈ W1

and w2 ∈W⊥1 . To make this choice we can take w1 to be the orthogonal projection of v ontoW1,

8



1.3. 2 FEBRUARY Field Theory and Canonical Forms of Matrices

W1

W⊥1

v

w1
w2 = v − w1

We can write w1 as a linear combination of the orthonormal basis vectors ofW1, say B = {e1, . . . , ek}, so that

w1 = v̂ =

k∑
i=1

⟨v, ei⟩ei.

Now, ⟨w2, ei⟩ = ⟨v, ei⟩− ⟨w1, ei⟩ = ⟨v, ei⟩− ⟨v̂, ei⟩ = ⟨v, ei⟩− ⟨v, ei⟩ = 0. So w2 = v−w1 ∈W⊥1 as required. ■

1.3.3 Unitary operators

Definition 1.16 (Unitary operator). Let V be an inner product space. A linear operator T : V → V is called
unitary if ⟨T (v), T (w)⟩ = ⟨v, w⟩ for all v, w ∈ V.

Theorem 1.17. If T ∈ EndC(V ) is unitary, then T ∈ GL(V ).

Proof. If T is unitary and v ∈ kerT, then

0 = ⟨T (v), T (v)⟩ = ⟨v, v⟩ =⇒ v = 0 =⇒ kerT = {0}.

Hence, T ∈ GL(V ). ■

Theorem 1.18.The set U(V ) of all unitary operators on V is a subgroup of GL(V ).

Definition 1.19 (Transpose and conjugate transpose). Let A = (aij) ∈ Matn(C).Then AT = (aji) is called
the transpose of A and A∗ = AT = (aji) is called the conjugate transpose of A.

Theorem 1.20. 1. Let A,B ∈ Matn(C), then (AB)∗ = B∗A∗.

2. For v, w ∈ Cn, ⟨Av,w⟩ = ⟨v,A∗w⟩ is the standard inner product on Cn.

3. A ∈ GLn(C) is unitary iff A−1 = A∗.
We then say the matrixA is unitary and denote by Un(C) = U(Cn) the group of all n×n unitary matrices.

Definition 1.21 (Self-adjoint and symmetric matrices). A matrix A ∈ Matn(C) is self-adjoint if A = A∗ and
symmetric if A = AT .

Clearly A ∈ Matn(R) is symmetric iff A is self-adjoint.

9



1.4. 9 FEBRUARY Field Theory and Canonical Forms of Matrices

1.3.4 Adjoint of a linear operator
Let V be a finite-dim. C-inner product space. Given any T ∈ EndC(V ), there exists a unique T ∗ ∈ EndC(V ) such
that ⟨T (v), w⟩ = ⟨v, T ∗(w)⟩ for all v, w ∈ V.We call T ∗ the adjoint of T.Then T is self-adjoint iff T = T ∗.

Theorem 1.22. Let T ∈ EndC(V ) and B be an orthonormal basis for V.Then [T ∗]B = [T ]∗B.

Question. Given A ∈ Matn(C) how can we compute det(A), Ak for k ≥ 1, exp(A) ?

A acts on Cn via the linear transformation x TA7−−→ Ax. Let Bstd = {e1, . . . , en} be the standard basis of Cn.Then

[TA]Bstd = A .

If we change the basis Bstd ⇝ B, then by eq. (1.7), we have [TA]B ∼ A, i.e. ∃P ∈ GLn(C) such that

P [TA]BP
−1 = A ,

where P is the change of basis matrix from B to Bstd. Now,

• detA = det [TA]B.

• Ak = P [TA]
k
BP
−1, for all k ≥ 1.

• exp(A) =

∞∑
k=0

Ak

k!
.

The simplest class of matrices are the diagonal matrices. If A is diagonal, then detA, Ak and exp(A) are easy to
compute. So, if we can find a basis B such that [TA]B is diagonal, then we can easily compute detA, Ak and exp(A).
This motivates us to study the problem of diagonalisation of linear operators.

1.4 9 February
We want nice representatives for the similarity class of matrices.

• Diagonal matrix

• Block diagonal matrices

– elementary Jordan matrices
– companion matrices

1.4.1 Elementary Jordan matrix
Let F be a field and λ ∈ F.Then the following matrices

(
λ
)
,

(
λ 1
0 λ

)
,

λ 1 0
0 λ 1
0 0 λ

 ,


λ 1 0 0
0 λ 1 0
0 0 λ 1
0 0 0 λ

 · · · (1.10)

with diagonal λ and superdiagonal 1, or

(
λ
)
,

(
λ 0
1 λ

)
,

λ 0 0
1 λ 0
0 1 λ

 ,


λ 0 0 0
1 λ 0 0
0 1 λ 0
0 0 1 λ

 · · · (1.11)

are called the elementary Jordan matrices corresponding to λ of order 1, 2, 3, . . . respectively.
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Example 1.23. 2 1 0
0 2 1
0 0 2


is an upper triangular matrix.

1.4.2 Companion matrix

Let F be a field and f(x) = a0 + a1x+ · · ·+ an−1x
n−1 + xn ∈ F[x] be a monic polynomial. The n× n matrix

0 0 · · · 0 −a0
1 0 · · · 0 −a1
0 1 · · · 0 −a2
...
0 0 · · · 1 −an−1


n×n

, or


0 1 0 · · · 0 0
0 0 1 · · · 0 0
...
0 0 0 · · · 0 1

−a0 −a1 −a2 · · · an−2 −an−1


n×n

is called the companion matrix corresponding to f(x).

1.4.3 Diagonalisation
Not all matrices are diagonalisable, but one can approximate any given matrix by diagonalisable matrices.

Theorem 1.24.The set of diagonalisable matrices is dense inMatn(C).

So there is a sequence of diagonalisable matrices {An}n∈N such that An → A.
Then detAn → detA, Ak

n → Ak and exp(An) → exp(A) as n→ ∞.The red sequences are easy to compute as
the An’s are diagonalisable, so we can approximate the limits by the respective sequences.

Definition 1.25 (Diagonalisable). T ∈ EndC(V ) is diagonalisable if there exists a basis B of V such that [T ]B is
diagonal.

Theorem 1.26. Let A ∈ Matn(C).Then ∃P ∈ GLn(C) such that PAP−1 is upper triangular.

So the best we can say about any matrix is that it is similar to an upper triangular matrix. But this is not really much
better for computational purposes. A matrix has n2 entries, while an upper triangular matrix has

1 + 2 + · · ·+ n =
n(n+ 1)

2
= O(n2)

which means that for all n sufficiently large computing with upper triangular matrices is no better than computing
with general matrices. So we need something simpler than upper triangular matrices when we can’t get a diagonal
matrix. This is the motivation for the Jordan canonical form.

1.4.4 Jordan canonical form

Definition 1.27 (Jordan block). A Jordan block of size k with eigenvalue λ is the k × k matrix

Jk(λ) =


λ 1 0 · · · 0
0 λ 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
0 0 0 · · · λ

 . (1.12)

11
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Remark. We could also have defined the Jordan blocks as lower triangular instead of upper triangular matrices,
it doesn’t matter. For a Jordan block of size n the number of entries is n+(n− 1) = 2n− 1 = O(n).This grows
linearly with n, which is much better than the O(n2) growth of upper triangular matrices. So, Jordan blocks are
much better for computing.

How do we even expect to achieve something as nice as Jordan blocks ? Why does there exist a basis B such
that PAP−1 “looks nice” ? All we are looking for is a coordinate system in which the matrix of the given linear
transformation T looks simpler, and to achieve that coordinate system we decompose the given vector space as
T -invariant subspaces.

Definition 1.28. [Invariant subspace and indecomposable subspace] A subspaceW ⊆ V is called T -invariant if
T (W ) ⊆W.

W is said to be indecomposable if W = W1 ⊕W2 for some T -invariant subspaces W1,W2 ⊆ W, then
W1 = {0} orW2 = {0}.

Theorem 1.29. If T ∈ EndC(V ) for a finite-dim. vector space V, then there V is a direct sum of indecomposable
T -invariant subspaces,

V
B
=
=
V1
B1

⊕
⊔
· · ·
···

⊕
⊔
Vk
Bk

, where Vi are indecomposable. (1.13)

Proof. If dimV = 1 then V is indecomposable and we’re done. So let dimV > 1. If V is indecomposable then there’s
nothing to prove. Otherwise, V =W1 ⊕W2 for some T -invariant subspacesW1,W2 ⊊ V andW1,W2 ̸= 0. Hence,
1 ≤ dimWi < dimV for i = 1, 2.We can restrict T toWi, i.e. T

∣∣∣
Wi

:Wi →Wi, for i = 1, 2. By induction on the
dimension of the vector space, we can writeWi as a direct sum of indecomposable T -invariant subspaces ofWi,
hence T -invariant subspaces of V, for i = 1, 2. Putting these together, we get a decomposition of V =W1 ⊕W2 into
indecomposable T -invariant subspaces as required. ■

[T ]B =



[T
∣∣∣
V1

]B1
0 · · · 0

0 [T
∣∣∣
V2

]B2
· · · 0

...
...

. . .
...

0 0 · · · [T
∣∣∣
Vk

]Bk


is a block decomposition of [T ]B. In order to achieve the decomposition our first objective is to find T -invariant
subspaces of V.

1.4.5 T -invariant subspaces
Recall the definition of T -invariant subspace from definition 1.28.

Theorem 1.30. Fix T ∈ EndC(V ) where dimV <∞. If S ∈ EndC(V ) such that ST = TS, then

• kerS is T -invariant.

• VS = {v ∈ V : Srv = 0 for some r ∈ N0} is T -invariant.

Proof. • If v ∈ kerS, then (ST )(v) = (TS)(v) = 0 =⇒ S(T (v)) = 0. So, T (v) ∈ kerS.

12
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• If v ∈ VS , then Sr(v) = 0 for some r ∈ N0.Then, as ST = TS,

Sr(T (v)) = T (Sr(v)) = 0 =⇒ T (v) ∈ VS .

■

How do we get an operator that commutes with a given operator T ? We can take T, T 2, . . . , i.e. the algebra generated
by T inside EndC(V ), which is the set C[T ] of polynomials in T and forms a subalgebra of EndC(V ). Any operator
in C[T ] commutes with T.

The simplest polynomial is the linear polynomial S = T − λI.Then kerS is T -invariant. We are not interested
in the case kerS = {0}.This motivates us to look for λ ∈ C such that kerT − λI ̸= {0}, i.e. T − λI is not injective,
i.e. T − λI is not invertible, i.e. det(T − λI) = 0. So, we want to find λ ∈ C such that det(T − λI) = 0.This leads
us to define the characteristic polynomial of T.

Definition 1.31 (Characteristic polynomial, eigenvalues, eigenspaces).The characteristic polynomial of T ∈
EndC(V ) is defined by χT (x) = det(xI − T ).The roots of χT (x) are called the eigenvalues of T. If λ is an
eigenvalue of T, then the eigenspace of T corresponding to λ is defined by

Eλ = ker(T − λI) = {v ∈ V : (T − λI)(v) = 0} ,

which is the space of all eigenvectors of T corresponding to λ together with the zero vector.

We can generalise this notion of eigenspaces.

Definition 1.32 (Generalised eigenspace). Let T ∈ EndC(V ) and λ be an eigenvalue of T. The generalised
eigenspace of T corresponding to λ is defined by

Vλ = {v ∈ V : (T − λI)r(v) = 0 for some r ∈ N0} .

Theorem 1.33. Vλ = ker (T − λI)
mλ , wheremλ is the multiplicity of λ as a root of χT (x).

We have the C-algebra homomorphism
πT : C[x] −→ EndC(V )

x 7−→ T

1 7−→ I

where the image is imπT = C[T ]. Also kerπT ⊴ C[x], and kerπT generates the unique monic polynomialmT (x)
called the minimal polynomial of T.

Theorem 1.34. T ∈ EndC(V ) is diagonalisable/semisimple iff the minimal polynomialmT (x) has no repeated
roots.

1.5 23 March

1.5.1 Jordan-Chevalley decomposition

Definition 1.35 (Semisimple and nilpotent operators). Let T ∈ EndC(V ) where dimV <∞.Then T is

• semisimple if T is diagonalisable.

• nilpotent if T r = 0 for some r ∈ N.

13
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Theorem 1.36 (Jordan-Chevalley decomposition). Let T ∈ EndC(V ) where dimV <∞.Then

1. ∃! Ts, Tn ∈ EndC(V ) s.t.
T = Ts + Tn,

where Ts is semisimple, Tn is nilpotent, and Ts and Tn commute.

2. ∃ p(x), q(x) ∈ C[x] s.t. Ts = p(T ), Tn = q(T ) (both Ts and Tn commute with T ).

Proof. Let the minimal polynomial of T be

mT (x) =

k∏
i=1

(x− λi)
mi

wheremi is the multiplicity of λi inmT (x).Then for each λi we have the corresponding generalised eigenspaces

Vi = Vλi
= ker (T − λiI)

mi .

Claim (Primary decomposition theorem): V is a direct sum of these generalised eigenspaces,

V = V1 ⊕ · · · ⊕ Vk. (1.14)

This uses the fact that the λi’s are distinct - in particular, that mT (x)

(x− λi)mi
and (x− λi)

mi are relatively prime.

Now, we apply the Chinese remainder theorem to locate the polynomial p(x) ∈ C[x] such that

p(x) ≡ λi mod (x− λi)
mi for i = 1, 2, . . . , k

which implies that p(x) ≡ 0 mod x. Set q(x) = x − p(x), then x = p(x) + q(x).Then Ts = p(T ) is semisimple
and Tn = q(T ) is nilpotent. Hence

T = Ts + Tn where T, Ts, Tn commute with each other.

First, observe that p(x)− λi = some multiple of (x− λi)
mi , i.e.

p(T )− λiI = g(T )(T − λiI)
mi

where the RHS is 0 on Vi = ker (T − λi)
mi . Hence,

Ts

∣∣∣
Vi

= λiI.

Ts is semisimple as V = V1 ⊕ · · · ⊕ Vk by eq. (1.14). Hence,

[Ts]B =



λ1 · · · 0 · · · 0 · · · 0

...
. . .

... · · ·
...

. . .
...

0 · · · λ1 · · · 0 · · · 0

...
...

...
. . .

...
...

...

0 · · · 0 · · · λk · · · 0

...
. . .

... · · ·
...

. . .
...

0 · · · 0 · · · 0 · · · λk


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Now, Tn
∣∣∣
Vi

= T
∣∣∣
Vi

− p(T )
∣∣∣
Vi

= T
∣∣∣
Vi

− λiI
∣∣∣
Vi

, as p(T ) ≡ λiI on Vi, so this implies that

Tmi
n = 0 on Vi.

Hence, Tn is nilpotent. Now, let S be semisimple and N be nilpotent such that

T = S +N = Ts + Tn =⇒ Ts − S = N − Tn

where the LHS is semisimple and the RHS is nilpotent. Now, [S,N ] = 0 =⇒ [S, T ] = 0 where [a, b] = ab− ba is
the commutator. Hence, Ts and S commute, Tn and N commute. ■

1.5.2 Primary decomposition theorem

Theorem 1.37 (Primary decomposition theorem). Let T ∈ EndC(V ), dimC(V ) <∞ and

mT (x) =

k∏
i=1

(x− λi)
mi , Vi = ker (T − λiI)

mi

then
V = V1 ⊕ · · · ⊕ Vk. (1.15)

Theorem 1.38. T is diagonalisable iffmT (x) has distinct roots.

Proof. =⇒ : T is diagonalisable =⇒ ∃B ⊆ V s.t.

[T ]B =

µ1 · · · 0
...

. . .
...

0 · · · µn


and the eigenvalue λi appears with multiplicity ℓi for i = 1, . . . , k.Then

χT (x) =

k∏
i=1

(x− λi)
ℓi , mT (x) =

k∏
i=1

(x− λi)

[T ]B′ =



λ1

. . .

λ1 ℓ1×ℓ1

. . .

λk

. . .

λk ℓk×ℓk


⇐= : Given the minimal polynomial

mT (x) = (x− λ1) · · · (x− λk),
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λi’s are distinct with corresponding (generalised) eigenspaces Vi = ker (x− λiI) .Then

V
B
=
=
V1
B1

⊕
⊔
· · ·
···

⊕
⊔
Vk
Bk

, T
∣∣∣
Vi

= λiI .

Hence, the matrix

[T ]B =


λ1IV1

. . .

λkIVk


is diagonal. ■

Theorem 1.39. If T ∈ EndC(V ) s.t. TN = IV for some N, then T is diagonalisable.

Theorem 1.40. If gcd (f ′(x), f(x)) = 1, then f has no repeated roots.
(f(x) = xN − 1 =⇒ f ′(x) = NxN−1.)

Question. Given T ∈ EndC(V ), does there exist a basis B of V s.t. [T ]B looks “somewhat simpler” ? In other
words, we want to find a representative for the equivalence class of similar matrices

{[T ]B : B is a basis of V }

1.5.3 Cyclic decomposition theorem
Let T ∈ EndC(V ), S ⊆ V, and let the T -invariant subspace generated by S be

⟨S⟩ =
⋂

S⊆W⊆V, T−invariant
W.

For v ∈ V, ⟨v⟩ =W.Then T (v) ∈W, T 2(v) ∈W, . . . T k(v) ∈W for k ≥ 1. Now, we have the T -invariant subspace

spanC
{
T k(v), k ≥ 1

}
⊆W.

Definition 1.41 (Cyclic subspace). Let v ∈ V.Then the cyclic subspace of V generated by v is

ZT (v) = spanC
{
T k(v), k ≥ 1

}
.

Theorem 1.42 (Cyclic decomposition theorem). Given T ∈ EndC(V ), ∃ nonzero vectors v1, . . . , vk ∈ V \ {0}
such that

V = ZT (v1)⊕ · · · ⊕ ZT (vk).

1.6 13 April

1.6.1 Modules
Let R be a ring (with identity) and letM be an abelian group (M,+). We sayM is a (left) R-module if there is a
scalar multiplication

R×M −→M, (λ, v) 7−→ λv,
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satisfying, for all v, v1, v2 ∈M and λ, µ ∈ R,

λ(v1 + v2) = λv1 + λv2, (1.16)
(λ+ µ)v = λv + µv, (1.17)
(λµ)v1 = λ(µv1), (1.18)

1 · v = v. (1.19)

Remark 1.43. A module is precisely the generalisation obtained by replacing the field F in the definition of
a vector space by an arbitrary ring R. This is exactly what makes the difference when F is replaced by a ring
R: a vector space is an F-module where F is a field, while modules over general rings need not have bases,
dimensions, etc.

1.6.2 The F[x]-module structure induced by an operator
Suppose V is a vector space over a field F and T is a linear operator on V . Define

F[x]× V −→ V,
(
f(x), v

)
7−→ f(x) · v := f(T )(v).

Proposition 1.44.The above operation makes V into an F[x]-module.

(The verification of the module axioms is a direct, routine check using the fact that T 7→ f(T ) respects sums and
products of polynomials.)

We say that V is an F[x]-module via T .
In particular, for a scalar λ ∈ F ⊂ F[x] (viewed as a constant polynomial f(x) = λ), we have

λv = T (v).

Indeed, if f(x) = λ then f(T ) = λI , so

λv = f(x) · v = f(T )(v) = λI(v) = λv,

which is consistent: the scalar multiplication of the F-vector-space structure on V is recovered as the restriction of
the F[x]-module structure to constant polynomials, and the action of x itself is exactly T :

x · v = T (v).

So V now carries two compatible structures:

F× V → V, (λ, v) 7→ λv (vector space structure),

F[x]× V → V, (f(x), v) 7→ f(x)v := f(T )(v) (module structure).

1.6.3 What are the submodules?
Given the dictionary xv = T (v), λv = f(T )(v) where f(x) = λ, the natural question is: what do submodules of the
F[x]-module V (via T ) look like, in vector-space language? The following dictionary answers this.

Vector space language Module language

F× V → V, (λ, v) 7→ λv F[x]×V → V, (f(x), v) 7→ f(x)v := f(T )(v)

(i) Invariant subspace (i) Submodule
(ii) T -cyclic subspace generated by v0 (ii) Cyclic submodule generated by v0 ∈ V :

{f(x)v0 : f(x) ∈ F[x]} = ⟨v0⟩

the smallest submodule containing v0.
(iii) Order/Annihilator of v0 (iii) AnnF[x](v0), the annihilator of v0 in F[x]

17
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Definition 1.45 (Invariant subspace vs. submodule). LetW ≤ V be a subspace.

• W is a T -invariant subspace if T (w) ∈W for all w ∈W . Equivalently,

xw ∈W for all w ∈W.

• W is a submodule of the F[x]-module V if

f(x)w ∈W for all w ∈W, f(x) ∈ F[x].

Remark 1.46.The two notions above coincide: a subspace is T -invariant if and only if it is a submodule of V
viewed as an F[x]-module via T . Indeed, T -invariance gives xw ∈W for w ∈W ; iterating shows xkw ∈W for
every k ≥ 0, and taking linear combinations shows f(x)w ∈W for every polynomial f(x) ∈ F[x].

1.6.4 Z-modules and abelian groups

Let (G,+) be an abelian group. Define

Z×G −→ G, (n, a) 7−→ na :=



a+ · · ·+ a︸ ︷︷ ︸
n times

, n > 0,

(−a) + · · ·+ (−a)︸ ︷︷ ︸
|n| times

, n < 0,

0, n = 0.

This makes G into a Z-module, and

AnnZ(a) = {n ∈ Z : na = 0} = ⟨m⟩

for somem ≥ 0 (a left ideal of Z, hence principal).

Remark 1.47. A module is a simultaneous generalisation of a vector space and of an abelian group: every
abelian group is automatically a Z-module via the action above, and every vector space over F is an F-module.

Example 1.48. Zn is a Z-module. In the Z-module Z6 we have 6v = 0 for every v ∈ Z6, yet 6 ̸= 0 (in Z) and
possibly v ̸= 0 (in Z6). Such an element v is said to be a torsion element.

1.6.5 Torsion elements

Definition 1.49. Let M be a left R-module and let m ∈ M . We say m is a torsion element if there exists
r (̸= 0) ∈ R such that rm = 0.

For a fixedm ∈M , the set
{r ∈ R : rm = 0}

(which is nonempty, since 0 ·m = 0) is called the annihilator ofm in R, denoted AnnR(m).

Exercise 1.50. AnnR(m) ⊴ R, i.e. AnnR(m) is a left ideal of R.
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Definition 1.51. Let v0 ∈ V . The T -annihilator of v0 (also called the T -annihilator of v0, cf.[HK70]) is

AnnF[x](v0) = {f(x) ∈ F[x] : f(x)v0 = 0} = {f(x) ∈ F[x] : f(T )(v0) = 0}.

This is a (two-sided) ideal of F[x]. Any generator of this ideal is called an order of v0. The ideal has many
generators, but it has one and only one monic generator, which is called the order of v0.

Remark 1.52. Ifm(x) is the minimal polynomial of T , then

m(x)v = m(T )(v) = 0 for every v ∈ V.

1.6.6 Torsion Modules

Definition 1.53. An R-moduleM is said to be a torsion module if every element ofM is a torsion element; i.e.
for everym ∈M there exists r (̸= 0) ∈ R (depending onm) such that rm = 0.

Example 1.54.

(i) The Z-module Zn is a torsion module.

(ii) The Z-module G, where (G,+) is an abelian group in which every element has finite order, is a torsion
module.

(iii) If V is a finite-dimensional vector space over F and T ∈ L(V ), then, as an F[x]-module (via T ), V is a
torsion module: for each v ∈ V the minimal polynomialm(x) of T satisfiesm(x)v = m(T )(v) = 0, and
m(x) ̸= 0.

1.6.7 Finitely Generated Modules

Definition 1.55. SupposeM is an R-module and S ⊆M . The submodule ofM generated by S, written ⟨S⟩, is
defined as the smallest submodule ofM containing S. If ⟨S⟩ =M , then S is said to be a generator ofM . IfM
has a finite generating set, thenM is said to be finitely generated (f.g.).

Exercise 1.56 (Homework). If V is a finite-dimensional vector space over a field F and T ∈ L(V ), then V , as an
F[x]-module (via T ), is finitely generated.

1.6.8 A finitely generated torsion module over a PID
Since V is finite-dimensional, let β = {v1, . . . , vn} be a basis of V . For any v ∈ V ,

v = α1v1 + · · ·+ αnvn

for some αi ∈ F ⊂ F[x]. Hence ⟨β⟩ = V , i.e. the F[x]-module V is finitely generated.
Combined with example 1.54 (Example above, part (iii)), this shows:

Theorem 1.57. If V is a finite-dimensional vector space over F and T ∈ L(V ), then V , as an F[x]-module via T ,
is a finitely generated torsion module over the principal ideal domain F[x].

This single fact — V is a finitely generated torsion F[x]-module — is the starting point for the entire structure
theory of canonical forms developed below.
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1.6.9 Cyclic submodules

Definition 1.58.The cyclic submodule of V generated by v0 ∈ V is

⟨v0⟩ := {f(x)v0 : f(x) ∈ F[x]},

equivalently written Z(v0;T ): the smallest T -invariant subspace of V containing v0.

1.6.10 Unitary cyclic modules

Definition 1.59. A (left, unitary — i.e. 1 · m = m for all m) R-module M is cyclic if M = ⟨m0⟩ for some
m0 ∈M .

Theorem 1.60. SupposeM is a unitary cyclic (left) R-module generated bym0, i.e.M = ⟨m0⟩. Then

M ∼= R/I

as R-modules, for some left ideal I of R.

Here, for a left ideal I ⊴ R, the quotient R/I is made into an R-module via

R×R/I −→ R/I, (r, s+ I) 7−→ r(s+ I) := rs+ I.

Remark 1.61 (Well-definedness). If s+ I = t+ I , i.e. s− t ∈ I , then r(s− t) ∈ I for every r ∈ R (since I is a
left ideal), so rs+ I = rt+ I for every r ∈ R. Thus the action is well defined. (Recall also that the submodules
of the R-module R are exactly the left ideals of R.)

Proof of theorem 1.60. Define
Φ : R −→M = ⟨m0⟩, Φ(r) := rm0.

Clearly Φ is surjective (every element of ⟨m0⟩ has the form rm0).
We show Φ is a module homomorphism. Let r, s ∈ R. Then

Φ(r + s) = (r + s)m0 = rm0 + sm0 = Φ(r) + Φ(s),

Φ(rs) = (rs)m0 = r(sm0) = rΦ(s).

Hence Φ is an R-module homomorphism. By the First Isomorphism Theorem for modules, as left R-modules,

M ∼= R/ kerΦ.

Now kerΦ is a submodule of the left R-module R, hence kerΦ is a left ideal of R. This completes the proof. ■

Remark 1.62 (Observation).

kerΦ = {r ∈ R : Φ(r) = 0} = {r ∈ R : rm0 = 0} = AnnR(m0).

So in factM ∼= R/AnnR(m0).
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1.6.11 The case R a PID

Proposition 1.63. In the discussion above, ifR is a PID, thenAnnR(m0) is a principal ideal ofR. Any generator
of AnnR(m0) is called an order ofm0; it is unique up to multiplication by a unit of R.

Specialising to R = F[x] andM = ⟨v1⟩ = {f(x)v1 : f(x) ∈ F[x]}:

AnnF[x](v1) = {f(x) ∈ F[x] : f(x)v1 = 0} = ⟨g(x)⟩ = ⟨u g(x)⟩ for every u ∈ F \ {0}.

This ideal has a monic generator, and it is unique; denote it by f1(x). Then

⟨v1⟩ = {f(x)v1 : f(x) ∈ F[x]} ∼= F[x]/AnnF[x](v1) = F[x]/
(
f1(x)

)
.

Theorem 1.64 (Structure theorem for finite abelian groups — recalled). SupposeG is a finite abelian group. Then

G ∼= Zn1 ⊕ · · · ⊕ Znk
, n1 | n2 | · · · | nk.

The integers n1, . . . , nk are called the invariant factors of G.

By theorem 1.57, the F[x]-module V (via T ) is a finitely generated torsion module over the PID F[x], exactly as a
finite abelian group is a finitely generated torsion Z-module. The structure theory runs in complete parallel.

1.6.12 The Cyclic DecompositionTheorem

Theorem 1.65 (Cyclic Decomposition Theorem). Suppose V is a finite-dimensional vector space over a field F
and T is a linear operator on V . Then there exist vectors v1, . . . , vk ∈ V such that

V ∼= ⟨v1⟩ ⊕ · · · ⊕ ⟨vk⟩ as F[x]-modules,

equivalently, as vector spaces over F,

V = Z(v1;T )⊕ · · · ⊕ Z(vk;T ),

whereZ(vi;T ) = ⟨vi⟩ is the smallest T -invariant subspace of V containing vi (equivalently, the cyclic submodule
of the F[x]-module V generated by vi). Moreover, writing fi(x) for the monic generator of AnnF[x](vi),

V ∼= F[x]/
(
f1(x)

)
⊕ · · · ⊕ F[x]/

(
fk(x)

)
,

where
f1(x) | f2(x) | · · · | fk(x).

Definition 1.66.The polynomials f1(x) | f2(x) | · · · | fk(x) in theorem 1.65 are called the invariant factors of
T . The largest invariant factor fk(x) is the minimal polynomial of T , and the product f1(x)f2(x) · · · fk(x) is
the characteristic polynomial of T .

1.6.13 Companion matrices and the Rational Canonical Form

Writing Ti = T |Z(vi;T ), the set {
vi, Tivi, . . . , T

ni−1
i vi

}
, ni = deg fi,
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is a basis βi of Z(vi;T ), and the matrix of Ti with respect to βi is the companion matrix Cfi of fi(x). Taking
β = β1 ∪ · · · ∪ βk as an (ordered) basis of V , we obtain a block-diagonal representation

[T ]β =


Cf1

Cf2

. . .

Cfk

 , f1 | f2 | · · · | fk.

This is the Rational Canonical Form (RCF) of T .

Remark 1.67 (Three levels of “nice” representation, and what is actually guaranteed). Given an operator T , one
looks for a nice matrix representation:

(1) a diagonal matrix — not guaranteed (only when T is diagonalisable);

(2) a block-diagonal matrix with elementary Jordan blocks — not guaranteed in general (only when the
characteristic polynomial splits over F);

(3) a block-diagonal matrix with companion matrices as blocks (with the divisibility chain f1 | f2 | · · · | fk) —
always guaranteed, by the Cyclic Decomposition Theorem.

1.6.14 Definition of invariant factors, restated

Definition 1.68.

(1) Let A ∈Mn(F). Suppose A is similar to a block-diagonal matrix whose blocks are companion matrices
Cf1 , . . . , CfR with f1 | f2 | · · · | fR. Then f1, . . . , fR are called the invariant factors of A; they are unique
in the sense that any other such chain g1 | g2 | · · · | gR obtained from a similar block-diagonal matrix of
companion matrices must satisfy gi = fi for all i.

(2) Suppose V is a finite-dimensional vector space and T ∈ L(V ). Realise T by a matrix A = [T ]β with
respect to some (any) ordered basis β of V (e.g. for A ∈ Mn(F), V = Fn and T : Fn → Fn, x 7→ Ax).
The invariant factors of T are, by definition, the invariant factors of A.

1.6.15 Similar Linear Operators

Definition 1.69. Given two linear operators S, T : V → V , we say S and T are similar if there exists a bijective
linear operator U : V → V such that

T = U−1SU.

Remark 1.70. Corresponding F[x]-modules (i.e. V viewed via S and V viewed via T ) are isomorphic precisely
when S and T are similar. This is the module-theoretic reformulation of similarity, and it is the conceptual
reason invariant factors — being isomorphism invariants of the module V — are a complete similarity invariant.

1.6.16 Worked Examples
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Theorem 1.71. If A is the companion matrix of a monic polynomial f(x) = a0 + a1x+ · · ·+ an−1x
n−1 + xn,

that is,

A =


0 0 · · · 0 −a0
1 0 · · · 0 −a1
0 1 · · · 0 −a2
...

. . .
...

0 0 · · · 1 −an−1

 ,

then f(x) is both the characteristic polynomial and the minimal polynomial of A.

Proof. Let e1 = (1, 0, . . . , 0). Then

Ae1 = (0, 1, 0, . . . , 0) = e2, A2e1 = (0, 0, 1, . . . , 0) = e3, . . . , An−1e1 = (0, . . . , 0, 1) = en.

Hence
Z(e1;A) = span{e1, . . . , en} = V,

so e1 is a cyclic vector for A. (As a general fact, if a linear operator on a finite-dimensional space has a cyclic vector,
its characteristic and minimal polynomials coincide.)

To see this directly: write p(A) = a0I + a1A + · · · + an−1A
n−1 + An. A direct computation using Ae1 =

e2, . . . , A
n−1e1 = en and the last column of A shows

p(A)e1 = 0,

and then, using Ap(A) = p(A)A,

p(A)e2 = p(A)Ae1 = Ap(A)e1 = A · 0 = 0, . . . , p(A)en = 0.

Since {e1, . . . , en} is a basis of V , p(A) = 0. As e1 is a cyclic vector, the minimal polynomial of A has degree exactly
dimV = n = deg p. Hence p is the minimal polynomial, and since p is monic of degree n and annihilates A while
having the right degree, p is also the characteristic polynomial of A. ■

Example 1.72.The companion matrix of f(x) = x2 + 1 is(
0 −1
1 0

)
∈M2(R).

Example 1.73 (A 5× 5 matrix with χA = mA). Give an example of a 5× 5 real matrix whose characteristic
polynomial and minimal polynomial are the same.

Take the diagonal matrix

A =


1 0 0 0 0
0 2 0 0 0
0 0 −1 0 0
0 0 0 3 0
0 0 0 0 4

 ∈M5(R).

Then χA(x) = (x− 1)(x− 2)(x+ 1)(x− 3)(x− 4). Since χA andmA always have the same roots, and here
all five roots are simple and distinct,

mA(x) = (x− 1)(x− 2)(x+ 1)(x− 3)(x− 4) = χA(x).
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Example 1.74 (A non-diagonalisable 5× 5 matrix with χA = mA). Give an example of a 5× 5 real matrix (not
necessarily diagonalisable) whose characteristic and minimal polynomials are the same.

Take the single elementary Jordan block of size 5:

A =


2 1 0 0 0
0 2 1 0 0
0 0 2 1 0
0 0 0 2 1
0 0 0 0 2

 .

An elementary Jordan block always has χA = mA = (x− λ)n, because the standard basis vector e1 is a cyclic
vector for A: T has a cyclic vector if and only if the minimal and characteristic polynomials are identical.

More generally, any cyclic operator (one possessing a cyclic vector) can be put, via {v,Av,A2v,A3v,A4v},
into the companion-matrix form of theorem 1.71: if f(x) = x5 + ax4 + bx3 + cx2 + dx + e is the desired
common characteristic/minimal polynomial, the companion matrix

0 0 0 0 −e
1 0 0 0 −d
0 1 0 0 −c
0 0 1 0 −b
0 0 0 1 −a


works equally well.

Example 1.75 (The all-ones 100× 100 matrix). Let A = (aij) ∈M100(R) with aij = 1 for all i, j. Determine
the minimal and characteristic polynomials of A.

Solution. If a matrix B has constant row sum nλ, then nλ is an eigenvalue, sinceλ λ · · · λ
...

...
λ λ · · · λ


1
...
1

 = nλ

1
...
1

 .

(For constant column sum, apply this to BT ; recall χB = χBT .)
Here every row sum of A is 100, so 100 is an eigenvalue of A. Also rankA = 1, so

Null(A) = 100− 1 = 99, dimker(A− 0 · I100) = 99,

i.e. 0 is an eigenvalue with geometric multiplicity 99. (Recall: for any matrix B and scalar λ, λ is an eigenvalue
of B iff ker(B − λI) ̸= 0, and the geometric multiplicity is dimker(B − λI).) Hence the algebraic multiplicity
of 0 is at least 99. Since A is 100× 100 and 100 is also an eigenvalue, the algebraic multiplicity of 0 is exactly
99, and

χA(x) = x99(x− 100).

The algebraic and geometric multiplicities of every eigenvalue of A coincide (99 = 99 for 0, and 1 = 1 for 100),
so A is diagonalisable; hence mA is a product of distinct linear factors, and since mA and χA have the same
roots,

mA(x) = x(x− 100).

In particular A is similar to diag(100, 0, . . . , 0) (99 zeros).
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Example 1.76 (Operators of rank one). Suppose T is a linear operator on a finite-dimensional vector space with
rankT = 1. What can be said about T ?

Solution. Exactly one of the following holds (never both):

• T is diagonalisable: then T has eigenvalue 0 with multiplicity n− 1 and a single nonzero eigenvalue λ,
andmT (x) = x(x− λ);

• T is nilpotent (but not zero): then T 2 = 0, mT (x) = x2, and the Jordan form of T consists of Jordan
blocks of order 1 (i.e. zero blocks) except for exactly one block of order 2 — this is forced because, for a
nilpotent operator with blocks of size at most 2, rankT equals the number of blocks of size ≥ 2.

Example 1.77 (Possible invariant factors from χ and m). Suppose χT (x) = (x − 2)5(x − 3)4 and mT (x) =
(x− 2)2(x− 3)2. What are the possible invariant factors of T ?

Method. If f1 | f2 | · · · | fk are the invariant factors, each fi is of the form (x− 2)ai(x− 3)bi with

0 ≤ a1 ≤ a2 ≤ · · · ≤ ak, 0 ≤ b1 ≤ b2 ≤ · · · ≤ bk,

a1 + · · ·+ ak = 5, b1 + · · ·+ bk = 4, ak = bk = 2

(the last condition coming from fk = mT ). So one writes 5 as an ordered sum (a partition, read in increasing
order) of parts each ≤ 2 with largest part = 2, and likewise 4, and pairs them up using a common number of
parts (padding the shorter list with leading 0’s). The partitions of 5 into parts ≤ 2 with largest part 2 are

5 = 1 + 2 + 2 = 1 + 1 + 1 + 2,

and the partitions of 4 into parts ≤ 2 with largest part 2 are

4 = 2 + 2 = 1 + 1 + 2.

Pairing lists of equal length gives two valid invariant factor chains:

(x− 2)(x− 3)
∣∣ (x− 2)2(x− 3)

∣∣ (x− 2)2(x− 3)2,

(x− 2)
∣∣ (x− 2)(x− 3)

∣∣ (x− 2)(x− 3)
∣∣ (x− 2)2(x− 3)2.

(A pairing such as (x− 2)3(x− 3)2 | (x− 2)2(x− 3)2 fails, because the exponents of (x− 3), namely 0 and
2, sum to 2 ̸= 4; similarly for other mismatched pairings.) Each valid chain corresponds to a possible primary
rational canonical form for T (rational canonical form with respect to elementary divisors), and — when the field
is such that x− 2, x− 3 split off completely — each also corresponds to a Jordan canonical form, obtained by
further decomposing each (x−2)ai , (x−3)bi factor into its own Jordan block. This is the precise correspondence
between the Rational Canonical Form and the Jordan Canonical Form: they encode the same data (the elementary
divisors), merely packaged differently.

1.7 5 May

1.7.1 Bilinear Forms

A linear form (or linear functional) on V is a linear map

f : V −→ F, f(αv + βw) = αf(v) + βf(w).

A bilinear form combines two “slots”, each behaving linearly.
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Definition 1.78. Suppose V is a vector space over a field F. A mapping

f : V × V −→ F

is said to be a bilinear form if

f(αv1 + βv2, v3) = αf(v1, v3) + βf(v2, v3), (1.20)
f(v1, αv2 + βv3) = αf(v1, v2) + βf(v1, v3), (1.21)

for all v1, v2, v3 ∈ V and all α, β ∈ F (i.e. f is linear in each variable separately, the other held fixed). If instead
f : V × V → V satisfies the analogous conditions, f is called a bilinear mapping.

Definition 1.79. A sesquilinear form, or simply a form, on a real or complex vector space V is a function
f : V × V → F (F = R or C) such that

• f(αu+ v, w) = αf(u,w) + f(v, w)

• f(u, αv + w) = αf(u, v) + f(u,w)

∀u, v, w ∈ V and ∀α ∈ F .

1.7.2 The matrix of a bilinear form
Suppose dimV = n is finite and β = {v1, . . . , vn} is an ordered basis of V . The n× n matrix

A = (aij) ∈Mn(F), aij := f(vi, vj) (1 ≤ i, j ≤ n),

A =


f(v1, v1) f(v1, v2) · · · f(v1, vn)
f(v2, v1) f(v2, v2) · · · f(v2, vn)

...
...

f(vn, v1) f(vn, v2) · · · f(vn, vn)


is called the matrix of f with respect to β, denoted [f ]β .

Theorem 1.80. Suppose V is a finite-dimensional vector space over F and f is a bilinear form on V . Let
β = {v1, . . . , vn} be an ordered basis of V , and let A = [f ]β . Then for all v, w ∈ V ,

f(v, w) = [v]Tβ A [w]β .

Proof. Write v = α1v1 + · · ·+ αnvn and w = γ1v1 + · · ·+ γnvn, so that

[v]β =

α1

...
αn

 , [w]β =

γ1...
γn

 .

Using bilinearity of f repeatedly,

f(v, w) = f
( n∑
i=1

αivi, w
)
=

n∑
i=1

αif(vi, w) =

n∑
i=1

αif
(
vi,

n∑
j=1

γjvj

)
=

n∑
i=1

αi

n∑
j=1

γjf(vi, vj) =

n∑
i=1

n∑
j=1

αiγj aij .
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On the other hand,

[v]Tβ A[w]β = (α1, . . . , αn)A

γ1...
γn

 =

n∑
i=1

αi

( n∑
j=1

aijγj

)
=

∑
i,j

αiγjaij .

The two expressions agree, proving the claim. (One may also verify this column by column: [v]TβA[w]β applied
with v = vi, w = vj standard basis vectors of Fn recovers aij = f(vi, vj) directly, and the general case follows by
bilinearity in each argument separately, as carried out above.) ■

1.7.3 The converse: every matrix gives a bilinear form

Theorem 1.81 (Generating bilinear forms from matrices). Suppose V is an n-dimensional vector space over
a field F and A = (aij) is an n × n matrix over F. Let β = {v1, . . . , vn} be an ordered basis of V . Define
f : V × V → F by

f(v, w) = [v]Tβ A [w]β .

Then f is a bilinear form on V with [f ]β = A.

Proof. First, [f ]β = A: taking v = v1, w = v1,

f(v1, v1) = (1, 0, . . . , 0)A (1, 0, . . . , 0)T = a11,

and likewise f(v1, v2) = (1, 0, . . . , 0)A(0, 1, 0, . . . , 0)T = a12, and in general f(vi, vj) = aij .
Next, bilinearity. Let u, v, w ∈ V and α, β ∈ F (reusing β generically here for the scalar, with apologies for

notation clash with the basis). Then [αu + βv] = α[u] + β[v] (coordinates are linear in the vector), so writing
[u] = (x1, . . . , xn)

T , [v] = (y1, . . . , yn)
T , [w] = (z1, . . . , zn)

T ,

f(αu+ βv, w) = (αx1 + βy1, . . . , αxn + βyn)A (z1, . . . , zn)
T

= α (x1, . . . , xn)A(z1, . . . , zn)
T + β (y1, . . . , yn)A(z1, . . . , zn)

T

= αf(u,w) + βf(v, w),

using the distributivity of matrix multiplication over addition. This proves linearity in the first slot. Linearity in the
second slot is proved the same way, since A[αw1 + βw2] = αA[w1] + βA[w2]. Hence f is bilinear. ■

Example 1.82. Let A =

(
1 2
3 4

)
∈ M2(R), V = R2, β = {e1, e2} = {(1, 0), (0, 1)}. For (x1, x2), (y1, y2) ∈

R2,
(x1, x2)

(
1 2
3 4

)(
y1
y2

)
= x1y1 + 2x1y2 + 3x2y1 + 4x2y2.

This is a homogeneous polynomial in x1, x2, y1, y2 (of degree one in the x’s and degree one in the y’s).

Remark 1.83. A bilinear form over Fn is nothing but (the formula for) a homogeneous polynomial expression

that is linear in each of two blocks of n variables. For example, with A =

1 2 0
3 4 0
0 0 0

 ∈M3(R),

(x1, x2, x3)A(y1, y2, y3)
T = x1y1 + 2x1y2 + 3x2y1 + 4x2y2 + 0,

which happens to have no x3, y3 terms; whether one regards this as a bilinear form over R2 or over R3 depends
entirely on which space V was declared to be. If dimV is not specified, the question is simply incomplete
information.
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1.7.4 Matrices and linear transformations: an aside

For comparison, recall the dictionary between matrices and linear maps:

A ∈Mm×n(F) ⇝ LA : Fn → Fm, x 7→ Ax,

and, more generally, for dimV = n with basis β1 and dimW = m with basis β2, every linear map T : V →W is
represented by a matrix [T ]β2

β1
∈Mm×n(F), giving an isomorphism of vector spaces

L(V,W ) ∼= Mm×n(F).

This is the model for the analogous statement about bilinear forms below.

1.7.5 The Vector Space of Bilinear Forms

Definition 1.84. Let Bil(V ) denote the set of all bilinear forms on V . Define, for f, g ∈ Bil(V ) and λ ∈ F,

(f + g)(v, w) := f(v, w) + g(v, w), (λf)(v, w) := λf(v, w) ∀ v, w ∈ V.

Proposition 1.85.With the operations above, Bil(V ) is a vector space over F.

Theorem 1.86. If dimV = n, then Bil(V ) ∼=Mn(F), via f 7→ [f ]β for any fixed ordered basis β of V .

1.7.6 Inner Products

Definition 1.87. Let V be a vector space over F (where F = R or C). A mapping

⟨ ·, · ⟩ : V × V −→ F

is called an inner product on V if it satisfies, for all u, v, w ∈ V and λ ∈ F:

(i) ⟨v, w⟩ = ⟨w, v⟩ (conjugate symmetry)

(ii) ⟨λv,w⟩ = λ⟨v, w⟩ (linearity in the first slot, scalars)

(iii) ⟨u+ v, w⟩ = ⟨u,w⟩+ ⟨v, w⟩ (linearity in the first slot, vectors)

(iv) ⟨v, v⟩ > 0 for all v ̸= 0 ∈ V (positivity)

Here · denotes complex conjugation. Note that if F = R, condition (i) simply reads ⟨v, w⟩ = ⟨w, v⟩ for all
v, w ∈ V .

1.7.7 Basic consequences
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Proposition 1.88. Let ⟨ ·, · ⟩ be an inner product on V . Then:

(I) Conditions (i) and (ii) together imply

⟨v, λw⟩ = λ ⟨v, w⟩ ∀ v, w ∈ V, λ ∈ F.

(II) Condition (i) implies ⟨v, v⟩ is real for every v ∈ V .

(III) Conditions (ii) and (iii), used separately, give

⟨0, 0⟩ = ⟨0 · v, 0⟩ = 0 · ⟨v, 0⟩ = 0

(the first 0 a scalar, the second a vector).

(IV)
⟨v, u+ w⟩ = ⟨u+ w, v⟩ = ⟨u, v⟩+ ⟨w, v⟩ = ⟨u, v⟩+ ⟨w, v⟩ = ⟨v, u⟩+ ⟨v, w⟩.

Proof. (I): ⟨w, λv⟩ (i)
= ⟨λv,w⟩ (ii)

= λ⟨v, w⟩. Also ⟨w, λv⟩ = λ⟨w, v⟩ once we know the result for the first slot w…
more directly: apply (i) and (ii) as in the displayed computation in part (IV) above with the roles of the arguments
adjusted; the stated identity follows by conjugating ⟨λw, v⟩ = λ⟨w, v⟩ and using (i) twice. (II): by (i), ⟨v, v⟩ = ⟨v, v⟩,
so ⟨v, v⟩ ∈ R. (III) and (IV) are the displayed computations. ■

Remark 1.89.

(i) An inner product on a complex vector space is conjugate-linear in the second slot (by Proposition 1.88(I)).

(ii) An inner product on a real vector space is a bilinear form (no conjugation needed, since F = R).

1.7.8 The matrix of an inner product

Definition 1.90. Let ⟨ ·, · ⟩ be an inner product on a finite-dimensional vector space V over F (= R or C), and
let β = {v1, . . . , vn} be an ordered basis of V . The n× n matrix A = (aij) ∈Mn(F) is said to be the matrix of
the inner product ⟨ ·, · ⟩ with respect to β if

aij := ⟨vj , vi⟩ for 1 ≤ i, j ≤ n.

Theorem 1.91.With the notation above, for v, w ∈ V :

(i) ⟨v, w⟩ = [w]Tβ A [v]β .

(ii) A∗ = A, where A∗ :=
(
A
)T (the conjugate transpose).

(iii) For every v ̸= 0 ∈ V , [v]Tβ A [v]β > 0.

Proof. (i) follows exactly as in theorem 1.80, with the convention aij = ⟨vj , vi⟩ producing the transposed argument
order. (ii): since aij = ⟨vj , vi⟩,

aij = ⟨vj , vi⟩ = ⟨vi, vj⟩ = aji,

which is exactly the statement (A)T = A, i.e. A∗ = A. (iii) is condition (iv) (positivity) of the definition of inner
product, rewritten using part (i) with v = w. ■
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Definition 1.92. AmatrixA ∈Mn(F) satisfyingA∗ = A (Hermitian, or symmetric when F = R) and xTAx > 0
for all x ̸= 0 (suitably interpreted with a conjugate where F = C) is called a positive definite matrix.

1.7.9 Building bilinear/inner-product forms from linear forms

Example 1.93 (Combining two linear forms). Given linear forms f, g : V → F (or, more generally, two
real-valued functionals), one obtains a bilinear form on V × V via

(v, w) 7−→ f(v) g(w).

For instance, on R2 × R2, writing v1 = (x1, y1), v2 = (x2, y2), the assignment

⟨v1, v2⟩ = x1x2 + 2y1y2

is built this way (and is, in fact, an inner product on R2).

Exercise 1.94 ([HK70]). Can you define an inner product on R2 such that ⟨(1, 0), (0, 1)⟩ ̸= 0? How many such
inner products are there?

Example 1.95 (The standard inner product on R2).With β = {e1, e2} = {(1, 0), (0, 1)}, the standard inner
product has matrix (

⟨e1, e1⟩ ⟨e2, e1⟩
⟨e1, e2⟩ ⟨e2, e2⟩

)
=

(
1 0
0 1

)
= I2,

and for x, y ∈ R2, ⟨x, y⟩ = yT Ix = yTx.

1.7.10 Change of Basis

Suppose f is a bilinear form on a finite-dimensional space V , and β1 = {v1, . . . , vn}, β2 = {w1, . . . , wn} are two
ordered bases of V . What is the relationship between [f ]β1

and [f ]β2
? (One may ask the analogous question for an

inner product.)
Let P = (pij)n×n be the change-of-basis matrix expressing β2 in terms of β1:

wj = p1jv1 + p2jv2 + · · ·+ pnjvn, j = 1, . . . , n.

Equivalently, P = [IdV ]
β1

β2
; or, letting T : V → V be the (necessarily bijective) linear operator with T (vi) = wi,

P = [T ]β1
. Either description shows that P is invertible (its inverse is [IdV ]β2

β1
, respectively [T−1]β1

).

Theorem 1.96 (Congruence transformation).With the notation above,

[f ]β2 = PT [f ]β1 P,

and, if ⟨ ·, · ⟩ is an inner product on V , [
⟨ ·, · ⟩

]
β2

= P ∗
[
⟨ ·, · ⟩

]
β1
P.

(This is left as an exercise: combine theorem 1.80 (resp. theorem 1.91) with the change-of-basis formula [v]β1
=

P [v]β2 .)
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Remark 1.97. theorem 1.96 is the bilinear-form/inner-product analogue of the similarity transformation [T ]β2
=

P−1[T ]β1
P for linear operators (§6). The key structural difference is that matrices of bilinear forms transform by

congruence (PT (·)P ), while matrices of linear operators transform by similarity (P−1(·)P ); for inner products
the relevant transformation is congruence by P ∗, reflecting the conjugate-symmetric nature of the form.
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Field and Galois theory

2.1 20 April
The key idea of Galois theory is to relate a field extensionK ⊂ F to the group of all automorphisms of F that fixK
elementwise (the Galois group of the extension). The fundamental theorem of Galois theory states that there is a
one-to-one correspondence between the intermediate fields of a (finite dimensional) Galois field extension and the
subgroups of the Galois group of the extension.

2.1.1 Characteristic of a field
We already know that a field is a commutative division ring.

Definition 2.1. The characteristic of a fieldK is the smallest positive integer n such that n · 1K = 0, where 1K
is the multiplicative identity inK . If no such positive integer exists, we say that the characteristic ofK is zero.
We denote the characteristic ofK by char(K) = n.

Example 2.2. For any prime p, the finite field Zp has characteristic p. The field of rational numbers Q has
characteristic zero. The field of real numbers R and the field of complex numbers C also have characteristic zero.

Theorem 2.3.The characteristic of a field is either zero or a prime number.

Proof. Let K be a field and let n = char(K). Then n · 1K = 0. Assume for contradiction that n is composite, say
n = ab with 1 < a, b < n. Then we have

(ab) · 1K = 0 =⇒ (a · 1K)(b · 1K) = 0 =⇒ a · 1K = 0 or b · 1K = 0,

sinceK is a field. This contradicts the minimality of n. Therefore, n must be prime or zero. ■

Definition 2.4. In a commutative ring R with identity,

1. for a, b ∈ R, a | b means ∃c ∈ R such that b = ac.

2. u ∈ R is said to be invertible or unit if ∃v ∈ R such that uv = 1.

3. a ∈ R is said to be irreducible if a is not a unit and a = bc =⇒ b is a unit or c is a unit.

4. a nonzero nonunit a ∈ R is said to be prime if whenever a | bc =⇒ a | b or a | c.
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Definition 2.5. LetK be a field. A polynomial f(x) ∈ K[x] is irreducible if deg f ≥ 1 and if we cannot write
f(x) as the product

f(x) = g(x)h(x)

with g, h ∈ K[x], g, h /∈ K and deg g, deg h < deg f .

In other words, an irreducible polynomial is a non-constant polynomial that cannot be factored into the product of
two non-constant polynomials. If R is a ring, then f ∈ R[x] is irreducible if f is irreducible over the field of fractions
of R.

Example 2.6. f(x) = 2(x+ 2) ∈ Z[x] is not irreducible element but it is an irreducible polynomial.

For a fieldK , the polynomial ringK[x] is a principal ideal domain (PID) and hence a unique factorization domain
(UFD). Therefore, in K[x], the notions of irreducible and prime elements coincide. In particular, an irreducible
polynomial over a field is also an irreducible, and hence prime, element.

A polynomial of degree 2 or 3 overK is irreducible if and only if it has no roots inK .

Example 2.7.The degree 4 polynomial x4 + x2 + 1 = (x2 + x+ 1)(x2 − x+ 1) is reducible.

Now asK[x] is PID, f ∈ K[x] is irreducible if and only if the ideal (f) is a prime ideal, and in a PID every prime
ideal is maximal. So f is irreducible if and only if (f) is a maximal ideal. Now, an idealM in a commutative ring R is
maximal if and only if the quotient ring R/M is a field. Therefore, f is irreducible if and only if the quotient ring
K[x]/(f) is a field.

Example 2.8.The polynomial x2 + x+ 1 is irreducible over Z2 as it has no roots in Z2,

02 + 0 + 1 ≡ 1 ̸≡ 0 (mod 2), 12 + 1 + 1 ≡ 1 ̸≡ 0 (mod 2)

Therefore, the quotient ring Z2[x]/(x
2 + x+ 1) is a field.

Question 2.9. Explicitly describe the elements of Z2[x]/(x
2 + x+ 1).

Solution. Let f(x) ∈ Z2[x] then by the division algorithm, we can write f(x) = q(x)(x2 + x + 1) + r(x) where
q(x), r(x) ∈ Z2[x], r(x) = 0 or 1 < deg r(x) < deg f(x).Then we have

Z2[x]/(x
2 + x+ 1) =

{
f(x) + (x2 + x+ 1) : f(x) ∈ Z2[x]

}
=

{
r(x) + (x2 + x+ 1) : r(x) = ax+ b, a, b ∈ Z2

}
=

{
ax+ b+ (x2 + x+ 1) : a, b ∈ Z2

}
=

{
0 + (x2 + x+ 1), 1 + (x2 + x+ 1), x+ (x2 + x+ 1), x+ 1 + (x2 + x+ 1)

}
= {0 + I, 1 + I, x+ I, x+ 1 + I} .

Let I = (x2 + x+ 1) be the ideal generated by x2 + x+ 1 in Z2[x]. We then have the following Cayley tables,
+ 0 + I 1 + I x+ I x+ 1 + I

0 + I 0 + I 1 + I x+ I x+ 1 + I
1 + I 1 + I 0 + I x+ 1 + I x+ I
x+ I x+ I x+ 1 + I 0 + I 1 + I

x+ 1 + I x+ 1 + I x+ I 1 + I 0 + I

and
· 0 + I 1 + I x+ I x+ 1 + I

0 + I 0 + I 0 + I 0 + I 0 + I
1 + I 0 + I 1 + I x+ I x+ 1 + I
x+ I 0 + I x+ I x+ 1 + I 1 + I

x+ 1 + I 0 + I x+ 1 + I 1 + I x+ I
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where recall that (a+ I)(b+ I) = ab+ I so, for instance,

(x+ I)(x+ I) = x2 + I = x+ 1 + I,

(x+ 1 + I)(x+ I) = x2 + x+ I = 1 + I,

(x+ 1 + I)(x+ 1 + I) = (x+ 1)2 + I

= x2 + 2x+ 1 + I = x2 + 1 + I = x+ I,

and so on, with the working principle1 being to take x2 + x+ 1 as 0. From the Cayley tables, we can see that every
non-zero element has its inverse

(1 + I)−1 = 1 + I,

(x+ I)−1 = x+ 1 + I,

(x+ 1 + I)−1 = x+ I.

Hence, Z2[x]/(x
2 + x+ 1) is a field with 4 elements. ■

Theorem 2.10. Let p be a prime and f(x) ∈ Zp[x] be an irreducible polynomial of degree n. Then we have

|Zp[x]/(f)| = pn.

Proof. Let g(x) ∈ Zp[x] then by the division algorithm, we canwrite g(x) = q(x)(f)+r(x)where q(x), r(x) ∈ Zp[x],
r(x) = 0 or 1 < deg r(x) < deg f(x) = n.Then we have g(x) + (f) = r(x) + f, so

Zp[x]/(f) = {g(x) + (f) : g(x) ∈ Zp[x]}
=

{
r(x) + (f) : r(x) = a0 + a1x+ · · ·+ an−1x

n−1, ai ∈ Zp

}
=

{
a0 + a1x+ · · ·+ an−1x

n−1 + (f) : ai ∈ Zp

}
and we have p choices for each ai. Hence, |Zp[x]/(f)| = pn. ■

Lemma 2.11. For a finite field F, char(F ) ̸= 0.

Proof. Let F be a finite field and let char(F ) = 0.Then there is no positive integer n such that n · 1F = 0. Now, we
can write

F = {1F , 1F + 1F , . . . }

and as F is finite there exist positive integers m < n such that m · 1F = n · 1F . Then (n − m) · 1F = 0. This
contradicts the assumption that char(F ) = 0. Hence, char(F ) ̸= 0. ■

Theorem 2.12. Every finite field is of order pn for some prime p and positive integer n.

For proof, see section 2.1.3.

1 In R/I , a+ I = b+ I iff a− b ∈ I iff a ≡ b (mod I).
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2.1.2 Prime subfield

Definition 2.13. The prime subfield of a fieldK is the smallest subfield ofK, i.e. the intersection of all subfields
ofK, i.e. the subfield ofK generated by 0K and 1K .

Theorem 2.14.The prime subfield of a field K is isomorphic to either Q (when char(K) = 0) or Zp (when
char(K) = p) for some prime p.

Proof. Define a map ϕ : Z → K by ϕ(n) = n · 1K for n ∈ Z.Then ϕ is a ring homomorphism. If char(K) = 0,
then kerϕ = {0} and hence ϕ is injective. Therefore,K contains an isomorphic copy of Z (by the first isomorphism
theorem) and hence an isomorphic copy of Q. If char(K) = p for some prime p, then kerϕ = pZ and hence by the
first isomorphism theorem, Z/pZ ∼= imϕ. SoK contains an isomorphic copy of Zp.Therefore, the prime subfield of
K is isomorphic to either Q or Zp. ■

Example 2.15.The prime subfield of both Q and R is Q.

2.1.3 Field extension

Definition 2.16. A field F is said to be an extension field of a fieldK ifK is a subfield of F orK is isomorphic
to a subfield of F.We denote this by F/K. In particular, every field is an extension field of its prime subfield.

Every extension field F of K is a vector space over K with the scalar multiplication given by the field
multiplication in F.The dimension of this vector space is called the degree of the extension and is denoted by
[F : K].

Example 2.17. R is an extension field of Q and [R : Q] = ∞. The field C is an extension field of R and
[C : R] = 2.

Example 2.18. We saw Z2[x]/(x
2 + x+ 1) =

{
ax+ b+ (x2 + x+ 1) : a, b ∈ Z2

}
, so Z2[x]/(x

2 + x+ 1) is
an extension field of Z2 with degree [Z2[x]/(x

2 + x+ 1) : Z2] = 2.

Proof of theorem 2.12. Let F be a finite field. Then char(F ) = p for some prime p.Then the prime subfield of F is
isomorphic to Zp. Consider F as an extension of Zp and let [F : Zp] = n be the dimension of this vector space. Then
F ∼= Zp × · · · × Zp (n times), so |F | = pn. ■

Theorem 2.19. Any ring homomorphism with domain a field is either a zero morphism or a monomorphism.

Proof. Let ϕ : F → F ′ be a ring homomorphism with domain a field F.Then kerϕ is an ideal of F. Since F is a field,
the only ideals of F are {0} and F. If kerϕ = F, then ϕ is the zero morphism. If kerϕ = {0}, then ϕ is injective and
hence a monomorphism. ■

Question 2.20.Make a field of order 343, two fields of order 8 and two fields of order 9.

Solution. The polynomial x3 − 2 is irreducible in Z7[x], so Z7[x]/(x
3 − 2) is a field of order 73 = 343.

Two fields of order 8 are Z2[x]/(x
3 + x+ 1) and Z2[x]/(x

3 + x2 + 1) as both x3 + x+ 1 and x3 + x2 + 1 are
irreducible over Z2. Two fields of order 9 are Z3[x]/(x

2 + 1) and Z3[x]/(x
2 + x+ 2) as both x2 + 1 and x2 + x+ 2

are irreducible over Z3. ■
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2.2 8 May

2.2.1 Algebraic and transcendental number

Definition 2.21. Suppose K/F is an extension field. Then α ∈ K is called algebraic over F if there exists a
nonzero polynomial f(x) ∈ F [x] such that f(α) = 0. Otherwise, α is called transcendental over F .

Example 2.22.
√
2 ∈ R is algebraic over Q since it is a root of x2 − 2 ∈ Q[x]. On the other hand, π ∈ R is

transcendental over Q since it is not a root of any nonzero polynomial in Q[x]. But π is algebraic over R since it
is a root of x− π ∈ R[x].

Definition 2.23. The algebraic elements of C/Q are called algebraic numbers, and the transcendental elements
of C/Q are called transcendental numbers.

α ∈ C is called an algebraic integer if it is a root of a monic polynomial in Z[x].

Exercise 2.24. If α ∈ Q is an algebraic integer, then show that α ∈ Z.

Solution. As α ∈ Q, we can write α = a
b for some a, b ∈ Z with b ̸= 0. If α is an algebraic integer, then it is a root of

a monic polynomial f(x) = xn + cn−1x
n−1 + · · ·+ c1x+ c0 with coefficients in Z. Substituting α = a

b into this
equation and multiplying through by bn gives

an + cn−1a
n−1b+ · · ·+ c1ab

n−1 + c0b
n = 0.

This implies that an = −(cn−1a
n−1b+ · · ·+ c1ab

n−1 + c0b
n). Since the right-hand side is divisible by b, it follows

that an is divisible by b. But since gcd(a, b) = 1, we must have b = 1, so α = a ∈ Z. ■

2.2.2 Extension fields generated by subsets

Definition 2.25. LetK/F be an extension field and S ⊆ K . Then

• F (S) is the smallest subfield ofK containing F ∪ S. It is called the subfield generated by S over F .

• F [S] is the smallest subring ofK containing F ∪ S. It is called the subring generated by S over F .

Note that F [S] is necessarily an integral domain. If S is finite, say S = {α1, . . . , αn}, then we write F [S] =
F [α1, . . . , αn] and F (S) = F (α1, . . . , αn).

Example 2.26. Consider the field extension R/Q and let S = {
√
2}. Then the subring generated by S over Q is

Q[
√
2] = {a+ b

√
2 : a, b ∈ Q}. Also, if α ∈ Q(

√
2) then

α =
a+ b

√
2

c+ d
√
2

=
(a+ b

√
2)(c− d

√
2)

(c+ d
√
2)(c− d

√
2)

=
(ac− 2bd) + (bc− ad)

√
2

c2 − 2d2

=
ac− 2bd

c2 − 2d2
+

bc− ad

c2 − 2d2

√
2.

Thus, the subfield generated by S over Q is Q(
√
2) =

{
a+ b

√
2 : a, b ∈ Q

}
= Q[

√
2] in this case.
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Theorem 2.27. Let F/K be an extension field, X ⊂ F and u, ui ∈ F.

1. the subringK[u] is the set of all elements of the form f(u) where f ∈ K[x];

2. the subringK[u1, . . . , um] is the set of all elements of the form g(u1, . . . , um) where g ∈ K[x1, . . . , xm];

3. the subringK[X] is the set of all elements of the form h(u1, . . . , un) where each ui ∈ X, n is a positive
integer and h ∈ K[x1, . . . , xn];

4. the subfield K(u) is the set of all elements of the form f(u)

g(u)
= f(u)g(u)−1 where f, g ∈ K[x] and

g(u) ̸= 0;

5. the subfieldK(u1, . . . , um) is the set of all elements of the form

h(u1, . . . , um)

k(u1, . . . , um)
= h(u1, . . . , um)k(u1, . . . , um)−1

where h, k ∈ K[x1, . . . , xm] and k(u1, . . . , um) ̸= 0;

6. the subfieldK(X) is the set of all elements of the form f(u1, . . . , un)

g(u1, . . . , un)
= f(u1, . . . , un)g(u1, . . . , un)

−1

where each ui ∈ X, n is a positive integer and f, g ∈ K[x1, . . . , xn] with g(u1, . . . , un) ̸= 0.

Proof. See [Hun74, Theorem 5.1.3, p. 232] ■

In example 2.26, we saw that Q[
√
2] = Q(

√
2). But when is F [α] = F (α) true?

Theorem 2.28. LetK/F be a field extension and α ∈ K . Let ψ : F [x] → F [α] be defined by ψ(f(x)) = f(α).
Then ψ is a ring homomorphism.

Proof. Let f, g ∈ F [x] and c ∈ F . Then

ψ(f + g) = (f + g)(α) = f(α) + g(α) = ψ(f) + ψ(g),

ψ(fg) = (fg)(α) = f(α)g(α) = ψ(f)ψ(g),

ψ(cf) = (cf)(α) = cf(α) = cψ(f).

Thus, ψ is a ring homomorphism. ■

Remark 2.29. Here,

kerψ = {f ∈ F [x] : ψ(f(x)) = 0}
= {f ∈ F [x] : f(α) = 0}
= the set of all polynomials in F [x] that have α as a root
= the set of all polynomials in F [x] that annihilate α.

As F [x] is PID, kerψ is a principal ideal of F [x]. If kerψ = {0}, then ψ is injective and hence an isomorphism.
Now,

• if α is transcendental over F , then kerψ = {0},

• if α is algebraic over F , then kerψ ̸= {0}.

So when α is transcendental, ψ is an isomorphism.
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Theorem 2.30. Suppose α is algebraic over F . Then F [α] is a field and hence F [α] = F (α). Further, kerψ has
a unique monic generator.

Proof. By the first isomorphism theorem,
F [x]/ kerψ ∼= F [α].

Since F [α] is an integral domain, F [x]/ kerψ is also an integral domain. Since F [x] is a commutative ring with
identity 1, kerψ is a prime ideal of F [x]. Since F [x] is a PID, kerψ is generated by a single element, say f(x) ∈ F [x].
Since in a PID, irreducible elements and primes coincide, f(x) is an irreducible element of F [x].Thus, kerψ = (f(x))
where f(x) ∈ F [x]. Now, since F [x] is PID, (f(x)) is maximal, so F [x]/ kerψ = F [x]/(f(x)) is a field. Hence, F [α]
is a field. Now F (α) ⊆ F [α], as F (α) is the smallest subfield of K containing α and F [α] ⊆ F (α) by definition.
Hence, F [α] = F (α). ■

Definition 2.31.The unique monic generator of kerψ in theorem 2.30 is called the minimal polynomial of α
over F . It is an irreducible polynomial.

Example 2.32. x2 − 2 is the minimal polynomial of
√
2 over Q. x−

√
2 is the minimal polynomial of

√
2 over

R.

Theorem 2.33. Let F be a field and f(x) ∈ F [x] be an irreducible polynomial. Then F has an extension field
containing a root of f(x), namely

K = F [x]/(f).

Theorem 2.34. LetK/F be a field extension and α ∈ K be algebraic over F.Then

{1, α, . . . , αn−1} ⊆ F (α)

is a basis of F (α) over F and hence [F (α) : F ] = n where n is the degree of the minimal polynomial of α over
F.

Exercise 2.35. Compute:

1. [Q(
√
2) : Q].

2. [Q(i) : Q].

3. [R(i) : R].

4. [Z3(i) : Z3].

5. [Z3[x]/(x
2 + 1) : Z3].

Solutions. [Q(
√
2) : Q] = deg

(
x2 − 2

)
= 2. Also, [Q(i) : Q] = [R(i) : R] = [Z3(i) : Z3] = deg

(
x2 + 1

)
= 2.

Finally, we have
Z3[x]/(x

2 + 1) ∼= Z3(i),

hence [Z3[x]/(x
2 + 1) : Z3] = 2 as well. ■
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2.3 14 May

Recall that in a field extensionK/F we defined the evaluation map ψ : F [x] → F [α] by f(x) 7→ f(α).We saw that
kerψ = {0} iff α is transcendental, and

kerψ = {f(x) ∈ F [x] : f(α) = 0} ̸= {0} ⇐⇒ α is algebraic over F.

The unique monic generator of this ideal kerψ is the minimal polynomial m(x) of α over F. It is an irreducible
polynomial. α algebraic implies F (α) = F [α] and

F [x]/(m(x)) ∼= F [α].

If α, β are both algebraic and the root of the same minimal polynomial, then F (α) ∼= F (β). If α, β are both
transcendental, then also F (α) ∼= F (β).

2.3.1 Finitely generated, simple extension

Definition 2.36. If S is finite, then we say F (S) is a finitely generated extension of F. If S is a singleton, then
F (S) is a simple extension.

Theorem 2.37 (Tower law). LetK/E and E/F be field extensions. Then

[K : F ] = [K : E][E : F ].

Furthermore, [K : F ] is finite iff [K : E] and [E : F ] are finite.

Proof. See [Hun74, Theorem 5.1.2, p. 231]. ■

2.3.2 Algebraic extension

Definition 2.38. An extension fieldK of F is an algebraic extension of F if every element ofK is algebraic over
F. Similarly, a transcendental extension is one where every element is transcendental instead.

Exercise 2.39. Is x algebraic over F ?

Solution. No. If possible let x be algebraic over F.Then there is some nonzero polynomial f ∈ F [x] such that

f(x) = a0 + a1x+ · · ·+ anx
n = 0 =⇒ a0 = a1 = · · · = an = 0

so f(x) is the zero polynomial, an absurdity. So, x must be transcendental over F. ■

Theorem 2.40. Every finite dimensional extensionK/F is finitely generated and algebraic over F.

Proof. If [K : F ] = n and u ∈ K, then the set of n + 1 elements
{
1F , u, u

2, . . . , un
}
must be linearly dependent.

Hence there are ai ∈ F, not all zero, such that

a0 + a1u+ a2u
2 + · · ·+ anu

n = 0

which implies u is algebraic over F. As u was arbitrary,K is algebraic over F. If {v1, . . . , vn} is a basis ofK over F,
then it is easy to see thatK = F (v1, . . . , vn) . ■

39



2.3. 14 MAY Field Theory and Canonical Forms of Matrices

Example 2.41. As x is not algebraic over F, F (x) is not an algebraic extension of F. So F (x) is not a finite
extension of F, even though F (x) is a finitely generated (even simple) extension of F.

Theorem 2.42. If F is an extension field ofK and X is a subset of F such that F = K(X) and every element
of X is algebraic overK, then F is an algebraic extension ofK. If X is a finite set, then F is finite dimensional
overK.

Proof. If v ∈ F then v ∈ K(u1, . . . , un) for some ui ∈ X and there is a tower of subfields

K ⊂ K(u1) ⊂ K(u1, u2) ⊂ · · · ⊂ K(u1, . . . , un−1) ⊂ K(u1, . . . , un).

Since ui is algebraic overK, it is necessarily algebraic overK(u1, . . . , ui−1) for each i ≥ 2, say of degree ri. Since
K(u1, . . . , ui−1)(ui) = K(u1, . . . , ui), we have [K(u1, . . . , ui) : K(u1, . . . , ui−1)] = ri. Let r1 be the degree of u1
over K.Then repeated application of tower law yields [K(u1, . . . , un) : K] = r1r2 · · · rn.Then by theorem 2.40,
K(u1, . . . , un), and hence v, is algebraic overK. As v ∈ F was arbitrary, F is algebraic overK. IfX = {u1, . . . , un}
is finite, the same proof with F = K(u1, . . . , un) shows that [F : K] = r1r2 · · · rn is finite. ■

Theorem 2.43. Let F be an extension field ofK and E the set of all elements of F which are algebraic overK.
Then E is a subfield of F, which is, of course, algebraic overK.

Proof. If u, v ∈ E thenK(u, v) is an algebraic extension field ofK by theorem 2.42. Therefore, since u− v and uv−1
(v ̸= 0) are inK(u, v), u− v and uv−1 ∈ E.This implies that E is a field. ■

Clearly the subfield E is the unique maximal algebraic extension ofK contained in F.

Example 2.44. Not every algebraic extension is finite. For instance, the set of algebraic numbers A is an
infinite-dimensional algebraic field extension of Q.

2.3.3 Splitting field

Definition 2.45. Let f(x) ∈ F [x]. A splitting field of f(x) over F is the smallest extensionK of F containing
all the roots of f(x), i.e. if f(x) ‘splits’ completely into linear factors inK[x] and f(x) does not split completely
into linear factors over any proper subfield ofK containing F.

Example 2.46.The splitting field of x2 + 1 over R is C,R(i),R[x]/(x2 + 1) all three being isomorphic (not
unique). The splitting field of x2 − 2 over R is R itself (over Q the splitting field is Q(

√
2)). The splitting field of

Q is A, for R is C.

Splitting field is always an algebraic extension. Every field has a proper extension (F [x]), but not necessarily a
proper algebraic extension (C). Splitting field of all polynomials over F is the algebraic closure of F.

2.3.4 Algebraic closure

Definition 2.47.The field F is an algebraic closure of F if F is algebraic over F and if every polynomial
f(x) ∈ F [x] splits completely over F , so that F can be said to contain all the elements algebraic over F.

Example 2.48. Q = A, R = C.
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Definition 2.49. A field F is algebraically closed if every non-constant polynomial with coefficients in F has a
root in F.

Example 2.50. C is algebraically closed.

Theorem 2.51. A finite field cannot be algebraically closed.

Proof. Let |F | = m, and F = {α1, . . . , αm} . Consider the polynomial

f(x) = (x− α1) · · · (x− αm) + α ∈ F [x]

for some α ∈ F \ {0}. Then for any αi ∈ F, f(αi) = α ̸= 0. Thus f(x) has no roots in F, thus F cannot be
algebraically closed. ■

2.3.5 Normal and separable extension

Definition 2.52. IfK is an algebraic extension over F which is the splitting field of a collection of polynomials
f(x) ∈ F [x] over F, thenK is called a normal extension of F.

Definition 2.53. An irreducible polynomial f(x) ∈ F [x] is separable if in some splitting field of f over F every
root of f is a simple root (multiplicity = 1). IfK is an extension of F and u ∈ K is algebraic over F, then u is
said to be separable over F if its irreducible polynomial is separable. If every element ofK is separable over F,
thenK is a separable extension of F.

Informally, a normal extension means if it has one root then there are other roots. A separable extension means
all the elements are algebraic and the minimal polynomial is separable i.e. roots are distincts.

Example 2.54. Extension of any field of characteristic 0 is separable.

2.3.6 Galois extension and Galois group of extension field

Definition 2.55.The Galois group ofK/F is the group of F -fixing automorphisms ofK,

AutF (K) = {f ∈ Aut(K) : f(α) = α ∀α ∈ F} .

Definition 2.56.The Galois group of a polynomial f(x) ∈ F [x] is defined to be the Galois group ofK over F,
whereK is the splitting field of f(x) ∈ F [x] over F.

Exercise 2.57. Find the Galois group of Q(
√
2,
√
3)/Q.

Definition 2.58. A (finite) normal, separable extension is called a Galois extension.

Every automorphism of a field fixes the prime subfield.
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Theorem 2.59 (The Fundamental Theorem of Galois Theory). If F is a Galois extension ofK, then there is a
one-to-one correspondence between the set of all intermediate fields of the extension and the set of all subgroups
of the Galois group AutK(F ) (given by E 7→ E′ = AutE(F )) such that

1. the relative dimension of two intermediate fields is equal to the relative index of the corresponding
subgroups; in particular, AutK(F ) has order [F : K];

2. F is Galois over every intermediate field E, but E is Galois over K if and only if the corresponding
subgroup E′ = AutE(F ) is normal in G = AutK(F ); in this case G/E′ is (isomorphic to) the Galois
group AutK(E) of E overK.
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