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THEME 1

CANONICAL FORMS OF MATRICES

1.1 19 January

1.1.1 Matrix representations of linear transformations

Linear transformations between two finite-dimensional vector spaces is determined by a matrix and vice-versa.

Example 1.1 (Examples of finite dimensional vector spaces). For any field IF, and any positive integer n, F™ is a
vector space over F with dimy(F") = n.

Let V be a vector space withdim V' = nand B = {v1,..., v, } beabasisof V. Forany v € V, 3! (bl, e bn) eCr
s.t. v ="byvy + -+ + b,vy,. Then [v]g = (bl, . ,bn) is the coordinate of v w.r.t. the basis 3. The choice of a basis B
gives an isomorphism V = C", defined by the projection map

7TB:V—>(Cn
v— [v]p

Theorem 1.2. Let V be a vector space with dim V' = n. Then TFAE (the following are equivalent):
« B={vy,...,v,} isabasis? of V.
« 3 is a minimal spanning subset of V.
« 3 is a maximal linearly independent subset of V.

« Forany v € V, 3 (bl,...,bn) € C"st.v="bvy + -+ bpvy,.

“linearly independent spanning set

Let V, W be vector spaces with dimV = n and dim W = m. Let B = {vy,...,v,} and B’ = {w1, ..., w., } be
bases for V and W respectively. Then any C-linear map 1" : V' — W is determined by the images of the basis vectors,

T('Uj)zzaijwi forj:l,-nmandaijec
=1

Thus, we can associate to 7" the matrix [T]5" = (a;)mxn € Mat,,x,(C). This gives an isomorphism

Wg/ : Hom@(V, W) — Matmxn((c)

T [T1§

4



1.2. 22 JANUARY Field Theory and Canonical Forms of Matrices

where Homc (V, W) is the space of C-linear maps from V' to W. In particular, the space of endomorphisms is
isomorphic to the space of square matrices of order n,

End¢(V) := Home(V, V) 2 Mat, x, (C).
The space of invertible linear operators on V is called the general linear group of V, GL(V),

GL(V) :={T € Endc(V) : T isinvertible} = GL,,(C) := GL(C").

1.2 22 January

Theorem 1.3. Let U, V, W be vector spaces with dimU = p, dim V = n and dim W = m. Let A, B and C be
bases for U, V and W respectively and U i Vv £> W.Then Ty o T1 : U — W is a linear map, and we have

[Tz 0 T1]G = [TR)3T1]5- (1.1)

Proof. Let T : V' — W be a linear map and B and C be bases for V and W respectively. Suppose B = {v1,...,v,}
and C = {wy,...,wy}. Then

[T(v)le = [T)5[v]s.

Ifv=>bwv 4+ +byuy,, thenT(v) =0T (v1) + - - - + b, T (vy,). Since T(v;) = > a;;w;, we have
i=1

1=

T(U) = ijT(’Uj) = ij Zaijwi = Z Zaijbj W; .
j=1 j=1 i=1

i=1 \ j=1

So, [T'(v)]c is the vector whose i-th component is Y a;;b;, which is precisely the i-th component of [T]§[v]5,

7j=1
a1 a2 - Qin by
n
] ;2 Qim b] = Z a’lbl
j=1
aml Am2 ' OAmn bn

Returning to the composition of linear maps (eq. (1.1)), we have for any v € U,
(Tz 0 T1)(u) = Ta(T1(w)) = [(To o T1)(w)]e = [T2]5[T1(u)]s = [T)5[T1)4[u)a-

Hence,
[Ty 0 T1)G [u] 4 = [T2]G[T1] 5 [u]aVu € U.

But Av = Bu for all v € V implies that A = B, so we conclude that [T5 o 7115 = [T5][T1]5. [ |

Corollary 1.4. Let T € GL(V') and B be a basis for V. Then [T~!]5 = [T]3".
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1.2.1 Change of basis matrix

Let T € End¢(V) and B and B’ be two bases for V (dim V' = n). On changing the basis from 5 to B’, the matrix

representation of 7' changes from [T']3 to [T]/. We want to find how these two matrices are related.
Let B={v1,...,v,}and B’ = {v}, ..., v} }. Since B is a basis, we can write

n

/

vj =101+ CpjUp = g CijV; for ¢;; € C.
i=1

Let Pg g = (Cij)nxn € Matyyx,(C) be the change of basis matrix from B’ to 3. Then we have

P = ([vils [vhls - [vn]s)-

For v € V, we have v = byv] + - - - + bv),. So
n n n n n
o= by =D b Y eyi= 3 | D eubs | v
j=1 j=1 =1 i=1 \j=1

This means
Ppp[v]p = [v]s.

Similarly,
P plv]p = [v]p.

We want to compare [T'|5 and [T']z. We will compute the coordinate vectors of the image w.r.t. both bases.

Now, using eq. (1.2) for [v]z, we have
[T]p [v]sr = Ppr«[T]sPpep[v]B -
Since eq. (1.4) holds for all v € V, we conclude that
Tg = Pgrp|T|sPsp-

Now, using eq. (1.2) and eq. (1.3), we have
_ p—1
Pgp=Pg_p-

Hence, eq. (1.5) can be rewritten as
[T]s = P~[T]5P,

where P = P /. So [T]p and [T are similar matrices.

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

This allows us to define the trace and determinant of a linear operator 7' € End¢ (V) as the trace and determinant
of any matrix representation of 7'. Since similar matrices have the same trace and determinant, this is well-defined.

So, we have tr(T) = tr([T]g) and det(T") = det([T]5), both independent of the choice of basis.

1.3 2 February

1.3.1 Direct sum decompositions

As internal and external direct sums are isomorphic, we will only talk about internal direct sums.
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Theorem 1.5. Let V be a vector space and U, W C V be subspaces of V. TFAE:

« Foranywv € V,3lu € U and w € W s.t. v = u + w. We then say that V is the internal direct sum of U
and W, denotedby V =U ¢ W.

« V=U+WandUNW = {0}.
e V=U+WanddimV =dimU + dim W.

« External direct sum is isomorphic to internal direct sum:

o:UxW =V

(u,w) = u+w

Theorem 1.6. /31 is a basis of U and B is a basis of W — B; LI By is a basis of U @ W.

1.3.2 Inner product spaces

Definition 1.7 (Inner product space). An inner product on a C-vector space V isamap (-,-) : V x V' — C such
that

o (A1 + pvg, w) = Avy, w) + p(ve, w) (linearity in the first argument)
+ (v, w) = {(w,v) (conjugate symmetry)
« {v,v) > 0 with equality iff v = 0 (positive-definiteness)

for all v, v1,v2,w € V and A, u € C. (V, (-, -)) is called an inner product space.

There are some natural examples of inner product spaces coming from the standard inner product on C™.

Example 1.8. On C", we have the inner product defined by (a,b) = > azby where a = (ay,...,a,) and
k=1

b= (b1,...,by,). This is called the standard inner product on C™.

We will be working with a slightly different space, which is the free vector space on a finite set. Start with a finite set
X. Consider all maps from X to C, denoted by CX. Then CX is a vector space under pointwise addition and scalar
multiplication. It is easy to see that under these operations, C* is a vector space. For any = € X, let 6, : X — C be

the function defined by
1 ify==x
b (y) = {

0 ify#ux
Then B, = {J, : z € X} forms a basis for CX. So, dim CX = | X]|.

Example 1.9. We can define an inner product on CX by

(f.9) = 3 F@)g@).

zeX

This is called the standard inner product on C¥X. With this inner product, B, is an orthonormal basis for CcX.

Recall that orthonormal = orthogonal + unit vector.

« u,v € V are orthogonal if (u,v) = 0.
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« S C V isan orthogonal if any two distinct vectors in S are orthogonal.

Theorem 1.10. Let S C V, 0 ¢ S and S is orthogonal. Then S is linearly independent.
Using Gram-Schmidt process, we can always find an orthonormal basis for a finite-dim. inner product space.

Theorem 1.11. Every finite-dimensional inner product space has an orthonormal basis.

The advantage of working with an orthonormal basis is that it is easy to write down the coordinates w.r.t. the
orthonormal basis. Let B = {e1, ..., e, } be an orthonormal basis for V. Then for any v € V, we have

v = Z(v,ek>ek, g = ((v,e1) ... (v,en)).

k=1

Definition 1.12 (Norm). The norm of a vector v € V is defined by ||v|| = v/ (v, v).

Theorem 1.13 (Triangle inequality). For any v, w € V, we have

v+ w|| < [|v]| + [Jwl] - (1.8)

Theorem 1.14 (Cauchy-Schwarz inequality). For any v, w € V, we have

(v, w)| < o]l {lwl] - (1.9)

What is the advantage of working in an inner product space ? For example, let’s say we’re in a 2-dimensional
space V. Given a subspace W; of V, there will be many complementary subspaces of W;. We say W5 is a complement
0fW1 ifV = W1 ©® WQ.

Wi

wi

If we have an inner product on V, then we can take the orthogonal complement of W, denoted by Wi, as a
complement of W;. So, we have a canonical choice of complement for any subspace of V. In the absence of an inner
product, we have no canonical choice of complement for a given subspace of V.

Theorem 1.15. Let V' be an inner product space and W; C V be a subspace of V' and
Wit ={veV: (v,w)=0forallwe W:}.
Then W5 = Wf- is a complement of Wy, ie. V = Wy & Wit.
Proof. We need to check that W; N Wi~ = {0} and W; + Wi+ = V which is easy, because if v € W, N Wi, then

(v,v) =0 = v =20.S0, W1 N Wﬁ = {0}. For any v € V, we want to write v as v = w; + wy where w; € W
and wy € Wit. To make this choice we can take w; to be the orthogonal projection of v onto W7,
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We can write w; as a linear combination of the orthonormal basis vectors of W7, say B = {e1, ..., ey}, so that

Now, (wa, e;) = (v, e;) — (w1, ;) = (v, e;) — (0, €;) = (v, ;) — (v, ¢;) = 0.Sowy = v—w; € Wi asrequired. W

1.3.3 Unitary operators

Definition 1.16 (Unitary operator). Let V' be an inner product space. A linear operator 7" : V' — V is called
unitary if (T'(v), T'(w)) = (v,w) for allv,w € V.

Theorem 1.17.If T € Endc(V') is unitary, then T' € GL(V).

Proof. If T is unitary and v € ker T, then
0={(T(), T(v)) = (v,v) = v=0 = kerT = {0}.

Hence, T € GL(V). [ ]

Theorem 1.18. The set U(V') of all unitary operators on V' is a subgroup of GL(V).

Definition 1.19 (Transpose and conjugate transpose). Let A = (a;;) € Mat,,(C). Then AT = (aj;) is called
the transpose of A and A* = AT = (@;) is called the conjugate transpose of A.

Theorem 1.20. 1. Let A, B € Mat,,(C), then (AB)* = B*A*.
2. Forv,w € C", (Av,w) = (v, A*w) is the standard inner product on C".

3. A € GL,(C) is unitary iff A=t = A*.
We then say the matrix A is unitary and denote by U,,(C) = U(C™) the group of all n x n unitary matrices.

Definition 1.21 (Self-adjoint and symmetric matrices). A matrix A € Mat,, (C) is self-adjoint if A = A* and
symmetric if A = AT,

Clearly A € Mat,, (R) is symmetric iff A is self-adjoint.
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1.3.4 Adjoint of a linear operator

Let V be a finite-dim. C-inner product space. Given any T' € End¢(V), there exists a unique 7* € End¢ (V) such
that (T'(v), w) = (v, T*(w)) for all v, w € V. We call T* the adjoint of T. Then T is self-adjoint iff ' = T*.

| Theorem 1.22. Let T' € Endc (V') and B be an orthonormal basis for V. Then [T%]5 = [T}.

| Question. Given A € Mat,,(C) how can we compute det(A), A* for k > 1, exp(A) ?
A acts on C™ via the linear transformation z ~2s Az. Let Bsa = {e1, ..., en} be the standard basis of C™. Then
[TA]led =A|

If we change the basis Byg ~~ B, then by eq. (1.7), we have [T4]|g ~ A, i.e. 3P € GL,,(C) such that

| P[TalsP " = 4]

where P is the change of basis matrix from B to Byg. Now,
e det A = det [TA]B-
« AF = P[TA)P7! forallk > 1.
- exp(4) =

= H.
k=0

The simplest class of matrices are the diagonal matrices. If A is diagonal, then det A, A* and exp(A) are easy to
compute. So, if we can find a basis 3 such that [T'4]5 is diagonal, then we can easily compute det A, A* and exp(A).
This motivates us to study the problem of diagonalisation of linear operators.

1.4 9 February

We want nice representatives for the similarity class of matrices.
« Diagonal matrix
« Block diagonal matrices

- elementary Jordan matrices

— companion matrices

1.4.1 Elementary Jordan matrix

Let IF be a field and A € F. Then the following matrices

A1 0 0
A1 0
Al 0 x 10
(A)’<0 )\>’ 8 3 i o o a1 (1.10)
0 0 0 A
with diagonal )\ and superdiagonal 1, or
A0 0 O
A0 0
A0 1 A 0 0
(A)’(1 >\>’ (1) i 2 1o 1 A 0 (1.11)
0 0 1 A
are called the elementary Jordan matrices corresponding to A of order 1, 2, 3, ... respectively.

10
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Example 1.23.

S O N
(el Ol
N = O

is an upper triangular matrix.

1.4.2 Companion matrix

Let F be a field and f(z) = ag + a1z + - - + a,_12" ! + 2™ € F[z] be a monic polynomial. The n x n matrix

00 -+ 0 —ag 0 1 0 e 0 0
10 --- 0 - 0 0 1 e 0 0

0 1 e 0 —as9 or .

: 0 0 0 0 1

0 0 e 1 —Qnp—-1 —aQ —aq —a9 QAp—2 —Qnp—-1

nxn nxn

is called the companion matrix corresponding to f(x).

1.4.3 Diagonalisation

Not all matrices are diagonalisable, but one can approximate any given matrix by diagonalisable matrices.

Theorem 1.24. The set of diagonalisable matrices is dense in Mat,, (C).

So there is a sequence of diagonalisable matrices {A,, },cn such that A,, — A.
Then det A,, — det A, A® — A* and exp(A,) — exp(A) as n — oo. The red sequences are easy to compute as
the A,’s are diagonalisable, so we can approximate the limits by the respective sequences.

Definition 1.25 (Diagonalisable). T' € Endc (V) is diagonalisable if there exists a basis BB of V such that [T] is
diagonal.

Theorem 1.26. Let A € Mat,,(C). Then 3P € GL,,(C) such that PAP~! is upper triangular.

So the best we can say about any matrix is that it is similar to an upper triangular matrix. But this is not really much
better for computational purposes. A matrix has n? entries, while an upper triangular matrix has

n(n+1)
2
which means that for all n sufficiently large computing with upper triangular matrices is no better than computing

with general matrices. So we need something simpler than upper triangular matrices when we can’t get a diagonal
matrix. This is the motivation for the Jordan canonical form.

1+2+--+n= = 0(n?)

1.4.4 Jordan canonical form

Definition 1.27 (Jordan block). A Jordan block of size k with eigenvalue A is the k£ x k matrix

A1 0 0
0 A1 -0
TN =1 + + . f. (1.12)
0 00 1
000 A

11
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Remark. We could also have defined the Jordan blocks as lower triangular instead of upper triangular matrices,
it doesn’t matter. For a Jordan block of size n the number of entriesis n + (n — 1) = 2n — 1 = O(n). This grows
linearly with n, which is much better than the O(n?) growth of upper triangular matrices. So, Jordan blocks are
much better for computing.

How do we even expect to achieve something as nice as Jordan blocks ? Why does there exist a basis 13 such
that PAP~! “looks nice” ? All we are looking for is a coordinate system in which the matrix of the given linear
transformation 7" looks simpler, and to achieve that coordinate system we decompose the given vector space as
T-invariant subspaces.

Definition 1.28. [Invariant subspace and indecomposable subspace] A subspace W C V is called T'-invariant if
T(W) CW.

W is said to be indecomposable it W = W; & Ws for some T-invariant subspaces W1, Wao C W, then
W1 = {O} or W2 = {0}

Theorem 1.29.If T' € Endc (V) for a finite-dim. vector space V, then there V is a direct sum of indecomposable
T-invariant subspaces,

‘é =V -V, where V; are indecomposable. (1.13)
= 5 o

Proof. If dim V' = 1 then V is indecomposable and we’re done. So let dim V' > 1. If V is indecomposable then there’s
nothing to prove. Otherwise, V' = W7 @ W, for some T-invariant subspaces W1, Wy C V and W7, W5 # 0. Hence,

1 <dimW; < dimV fori =1, 2. We can restrict T to W;, i.e. T : W; — W,, for i = 1, 2. By induction on the

wW;
dimension of the vector space, we can write W; as a direct sum of indecomposable T-invariant subspaces of W,
hence T-invariant subspaces of V, for ¢ = 1, 2. Putting these together, we get a decomposition of V' = W; & W, into

indecomposable T-invariant subspaces as required. |
[T ]31 0 0
Vi
0 T g, 0
V;
[T]s = -
0 0 T
[ Vk}Bk

is a block decomposition of [T]g. In order to achieve the decomposition our first objective is to find T-invariant
subspaces of V.

1.4.5 T-invariant subspaces

Recall the definition of T-invariant subspace from definition 1.28.
Theorem 1.30. Fix T' € End¢ (V') where dim V' < co. If S € Endc(V) such that ST = T'S, then
+ ker S is T-invariant.
¢« Vo ={veV:5w=0forsomer € Ny} is T-invariant.
Proof. « Ifv € ker S, then (ST)(v) = (T'S)(v) =0 = S(T(v)) =0.8So0, T'(v) € ker S.

12
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« If v € Vg, then S"(v) = 0 for some r € Ny. Then, as ST =T'S,
S"(T(w)=T(S"(v)) =0 = T(v) € Vg.
[ |

How do we get an operator that commutes with a given operator 7' ? We can take 7, T2, . . ., i.e. the algebra generated
by T inside End¢(V'), which is the set C[T] of polynomials in T" and forms a subalgebra of End¢ (V). Any operator
in C[T] commutes with 7.

The simplest polynomial is the linear polynomial S = T" — AI. Then ker S is T-invariant. We are not interested
in the case ker S = {0}. This motivates us to look for A € C such that ker T" — A\I # {0}, ie. T'— A is not injective,
i.e. T'— A is not invertible, i.e. det(T" — AI') = 0. So, we want to find A € C such that det(T" — AI) = 0. This leads
us to define the characteristic polynomial of 7.

Definition 1.31 (Characteristic polynomial, eigenvalues, eigenspaces). The characteristic polynomial of T' €
Endc(V) is defined by x7(z) = det(zI — T'). The roots of xr(z) are called the eigenvalues of T. If A is an
eigenvalue of 7', then the eigenspace of T' corresponding to ) is defined by

Ex=ker(T —X)={veV:(T-A)(v) =0},

which is the space of all eigenvectors of T" corresponding to X together with the zero vector.

We can generalise this notion of eigenspaces.

Definition 1.32 (Generalised eigenspace). Let T € End¢ (V) and A be an eigenvalue of T. The generalised
eigenspace of T' corresponding to A is defined by

Ww={veV:(T—-X)"(v)=0forsomer € Ny}.

Theorem 1.33. V), = ker (T'— AI)™* | where m, is the multiplicity of A as a root of x7(z).

We have the C-algebra homomorphism
mr : Clz] — Endc (V)
x+—T
1—1

where the image is im 7 = C[T]. Also ker 77 < C[z], and ker w1 generates the unique monic polynomial mr(x)
called the minimal polynomial of T

Theorem 1.34. T € Endc (V) is diagonalisable/semisimple iff the minimal polynomial m(z) has no repeated
roots.

1.5 23 March

1.5.1 Jordan-Chevalley decomposition

Definition 1.35 (Semisimple and nilpotent operators). Let T' € End¢(V) where dim V' < co. Then T is
« semisimple if T' is diagonalisable.

« nilpotent if T" = 0 for some r € N.

13
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Theorem 1.36 (Jordan-Chevalley decomposition). Let T € End¢ (V') where dim V' < co. Then

1. AT, T, € Endc(V) s.t.
T=T,+ Tna

where T’ is semisimple, 7}, is nilpotent, and T and 7;, commute.

2. Ap(z), q(x) € Clz] s.t. Ty = p(T'), T, = q(T) (both T and T}, commute with T').

Proof. Let the minimal polynomial of T" be

mr(z) = H(l‘ =)™

where m; is the multiplicity of \; in mr(x). Then for each A; we have the corresponding generalised eigenspaces
Vi=Vy, =ker (T — \,1)™" .

Claim (Primary decomposition theorem): V is a direct sum of these generalised eigenspaces,

V=Vi® & V. (1.14)

( mTix))m‘ and (z — \;)™i are relatively prime.
T — Aj 4

Now, we apply the Chinese remainder theorem to locate the polynomial p(z) € C[z] such that

This uses the fact that the A;’s are distinct - in particular, that

p(z) =X mod (z —\)™ fori =1,2,...,k

which implies that p(z) = 0 mod z. Set ¢(z) = z — p(x), then x = p(x) + ¢(z). Then Ts = p(T) is semisimple
and T;, = ¢(7T) is nilpotent. Hence

T=T,+1T, where T', T, T,, commute with each other.

First, observe that p(z) — \; = some multiple of (x — A;)™, i.e.

p(T) = Nl = g(T)(T — N I)™

where the RHS is 0 on V; = ker (T — \;)™" . Hence,

0 0
0 0
0 0 Ak 0
0 0 0 Ak

14
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-\l

i

,as p(T) = A\;1 on V;, so this implies that

Now, T,
72

i

T =0 onV,.
Hence, T), is nilpotent. Now, let S be semisimple and N be nilpotent such that
T=S+N=T:+1T, = Ts—S=N-1T,

where the LHS is semisimple and the RHS is nilpotent. Now, [S, N] =0 = [S,T] = 0 where [a,b] = ab — ba is
the commutator. Hence, T and S commute, T;, and N commute. [ |

1.5.2 Primary decomposition theorem

Theorem 1.37 (Primary decomposition theorem). Let 7' € End¢(V), dim¢ (V) < oo and

k
mr(x) = H (x =)™, Vi = ker (T — N\, I)™

i=1

then
V=& - V. (1.15)

Theorem 1.38. T is diagonalisable iff mr(z) has distinct roots.

Proof. = :T is diagonalisable = 3B C V s.t.

T)s= | : o
0

and the eigenvalue \; appears with multiplicity ¢; fori = 1,..., k. Then

0y x40

Ak

)\k: Zk sz
<= : Given the minimal polynomial
myp(x) = (2= A1) (2= M),

15
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A;’s are distinct with corresponding (generalised) eigenspaces V; = ker ( — A\;I) . Then

Vali® - oV, T) — AT
B =p, 0 UB, v;
Hence, the matrix
Aly,
[T]s =

Al

is diagonal.

Theorem 1.39. If T € Endc (V) s.t. TV = Iy for some N, then T is diagonalisable.

Theorem 1.40. If ged (f'(x), f(x)) = 1, then f has no repeated roots.
(f(z)=2zN -1 = f(z) = NzV71)

Question. Given T' € End¢(V), does there exist a basis B of V s.t. [T']z looks “somewhat simpler” ? In other
words, we want to find a representative for the equivalence class of similar matrices

‘ {[T]5 : Bis abasis of V'} ‘

1.5.3 Cyclic decomposition theorem

Let T € Endc(V), S C V, and let the T-invariant subspace generated by S be
(8) = N w.

SCWCV, T—invariant
Forv € V, (v) = W.Then T'(v) € W, T%(v) € W, ... T*(v) € W for k > 1. Now, we have the T-invariant subspace
spang {T*(v), k> 1} C W.

Definition 1.41 (Cyclic subspace). Let v € V. Then the cyclic subspace of V' generated by v is

Zr(v) = spang {T"(v), k> 1}.

Theorem 1.42 (Cyclic decomposition theorem). Given T' € End¢(V'), 3 nonzero vectors vy, ..., v, € V' \ {0}

such that
V=2r(v)® - @ Zr(vy).

1.6 13 April

1.6.1 Modules

Let R be a ring (with identity) and let M be an abelian group (M, +). We say M is a (left) R-module if there is a

scalar multiplication
Rx M — M, (N, v) — Av,

16
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satisfying, for all v, v1,vo € M and A\, u € R,

A(v1 + v2) = Avg + Avg, (1.16)
A+ v = Av + pv, (1.17)
(A)vr = A(pwr), (1.18)
1.v=o. (1.19)

Remark 1.43. A module is precisely the generalisation obtained by replacing the field I in the definition of
a vector space by an arbitrary ring R. This is exactly what makes the difference when F is replaced by a ring
R: a vector space is an F-module where I is a field, while modules over general rings need not have bases,
dimensions, etc.

1.6.2 The F[z]-module structure induced by an operator

Suppose V' is a vector space over a field IF and T' is a linear operator on V. Define

Flz] xV —V, (f(@),v) — f(z)-v=F(T)(v).

Proposition 1.44. The above operation makes V' into an F[z]-module.

(The verification of the module axioms is a direct, routine check using the fact that T — f(T') respects sums and
products of polynomials.)

We say that V' is an F[z]-module via T

In particular, for a scalar A € F C F[z] (viewed as a constant polynomial f(x) = A), we have

v =T(v).
Indeed, if f(z) = A then f(T) = AL, so
M = f(z)-v=f(T)(v) = A(v) = v,

which is consistent: the scalar multiplication of the F-vector-space structure on V' is recovered as the restriction of
the [F[x]-module structure to constant polynomials, and the action of z itself is exactly T™:

x-v="T(v).
So V now carries two compatible structures:
FxV =V, (\v)— Av (vector space structure),
Flz] x V =V, (f(x),v) = f(z)v = f(T)(v) (module structure).

1.6.3 What are the submodules?

Given the dictionary zv = T'(v), Av = f(T)(v) where f(x) = ), the natural question is: what do submodules of the
F[x]-module V' (via T') look like, in vector-space language? The following dictionary answers this.

Vector space language Module language

FxV =V, (\v)—= Flz] xV =V, (f(z),v) — f(x)v:= f(T)(v)
(i) Invariant subspace (i) Submodule

(ii) T-cyclic subspace generated by vy (ii) Cyclic submodule generated by vy € V:

{f(@)vo : f(x) € Fla]} = (vo)

the smallest submodule containing vy.

(iii) Order/Annihilator of vy (iii) Anngp,)(vo), the annihilator of v in [F[x]

17
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Definition 1.45 (Invariant subspace vs. submodule). Let W < V be a subspace.

« W is a T-invariant subspace if T'(w) € W for all w € W. Equivalently,

zw e W forallw e W.

« W is a submodule of the F[z]-module V" if

flx)weW forallw e W, f(z) € Flz].

Remark 1.46. The two notions above coincide: a subspace is T-invariant if and only if it is a submodule of V'
viewed as an F[x]-module via T'. Indeed, T-invariance gives zw € W for w € W, iterating shows z*w € W for
every k > 0, and taking linear combinations shows f(z)w € W for every polynomial f(x) € F|x].

1.6.4 Z-modules and abelian groups

Let (G, +) be an abelian group. Define

a+---+a, n >0,
—_—
n times
ZxG— G, (n,a) — na == { (=a) + -+ (=a), n <0,
[n| times
0, n =20.

This makes G into a Z-module, and
Anng(a) ={n € Z :na =0} = (m)
for some m > 0 (a left ideal of Z, hence principal).

Remark 1.47. A module is a simultaneous generalisation of a vector space and of an abelian group: every
abelian group is automatically a Z-module via the action above, and every vector space over I is an F-module.

Example 1.48. Z,, is a Z-module. In the Z-module Zg we have 6v = 0 for every v € Zg, yet 6 # 0 (in Z) and
possibly v # 0 (in Zg). Such an element v is said to be a torsion element.

1.6.5 Torsion elements

Definition 1.49. Let M be a left R-module and let m € M. We say m is a torsion element if there exists
r(# 0) € R such that rm = 0.
For a fixed m € M, the set
{re R:rm =0}

(which is nonempty, since 0 - m = 0) is called the annihilator of m in R, denoted Anng(m).

Exercise 1.50. Anng(m) < R, i.e. Anng(m) is a left ideal of R.

18
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Definition 1.51. Let vy € V. The T-annihilator of vy (also called the T-annihilator of vy, cf.[HK70]) is
Anngy)(vo) = {f(z) € Flz] : f(z)vo = 0} = {f(2) € Flz] : f(T)(vo) = 0}.

This is a (two-sided) ideal of F[z]. Any generator of this ideal is called an order of vg. The ideal has many

generators, but it has one and only one monic generator, which is called the order of vy.

Remark 1.52. If m(z) is the minimal polynomial of T', then

m(z)v =m(T)(v) =0 for every v € V.

1.6.6 Torsion Modules

Definition 1.53. An R-module M is said to be a torsion module if every element of M is a torsion element; i.e.
for every m € M there exists r (# 0) € R (depending on m) such that rm = 0.

Example 1.54.
(i) The Z-module Z,, is a torsion module.

(i) The Z-module G, where (G, +) is an abelian group in which every element has finite order, is a torsion
module.

(ili) If V is a finite-dimensional vector space over F and T' € £(V), then, as an F[x]-module (via T'), V is a
torsion module: for each v € V the minimal polynomial m(z) of T satisfies m(z)v = m(T')(v) = 0, and

m(z) # 0.

1.6.7 Finitely Generated Modules

Definition 1.55. Suppose M is an R-module and S C M. The submodule of M generated by S, written (S), is
defined as the smallest submodule of M containing S. If (S) = M, then S is said to be a generator of M. If M
has a finite generating set, then M is said to be finitely generated (f.g.).

Exercise 1.56 (Homework). If V' is a finite-dimensional vector space over a field F and T' € £(V'), then V, as an
F[x]-module (via T), is finitely generated.

1.6.8 A finitely generated torsion module over a PID
Since V is finite-dimensional, let 5 = {vy,..., v, } be a basis of V. For any v € V,
V=V + -+ apu,

for some «; € F C Flz]. Hence (3) = V, i.e. the F[z]-module V is finitely generated.
Combined with example 1.54 (Example above, part (iii)), this shows:

Theorem 1.57.If V is a finite-dimensional vector space over F and T' € L(V), then V, as an F[z]-module via T,
is a finitely generated torsion module over the principal ideal domain F|z].

This single fact — V' is a finitely generated torsion F[x]-module — is the starting point for the entire structure
theory of canonical forms developed below.
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1.6.9 Cyclic submodules

Definition 1.58. The cyclic submodule of V' generated by vy € V is

(vo) = {f(x)vo : f(z) € Flz]},

equivalently written Z(vg; T'): the smallest T-invariant subspace of V' containing vg.

1.6.10 Unitary cyclic modules

Definition 1.59. A (left, unitary — i.e. 1 - m = m for all m) R-module M is cyclic if M = (my) for some
mo € M.

Theorem 1.60. Suppose M is a unitary cyclic (left) R-module generated by my, i.e. M = (mg). Then
M=R/I

as R-modules, for some left ideal I of R.

Here, for a left ideal I < R, the quotient R/I is made into an R-module via

R x R/I — R/I, (r,s+I)r—r(s+1)=rs+1

Remark 1.61 (Well-definedness). If s + I =t + I,i.e.s —t € I, thenr(s — t) € I for every r € R (since [ is a
left ideal), so rs + I = rt + I for every r € R. Thus the action is well defined. (Recall also that the submodules
of the R-module R are exactly the left ideals of R.)

Proof of theorem 1.60. Define
®:R— M = (myg), O(r) = rmyg.

Clearly @ is surjective (every element of (mg) has the form rmy).
We show @ is a module homomorphism. Let r, s € R. Then

O(r+s) = (r+ s)mo =rmo + smg = @(r) + D(s),
B(rs) = (rs)mg = r(smg) = r®(s).
Hence ® is an R-module homomorphism. By the First Isomorphism Theorem for modules, as left R-modules,
M = R/ ker ®.

Now ker @ is a submodule of the left R-module R, hence ker O is a left ideal of R. This completes the proof. |

Remark 1.62 (Observation).
ker® ={re R:®(r) =0} ={r € R:rmg =0} = Anng(my).

Soin fact M = R/ Anng(my).
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1.6.11 The case R a PID

Proposition 1.63. In the discussion above, if R is a PID, then Anng(my) is a principal ideal of R. Any generator
of Anng(myg) is called an order of my; it is unique up to multiplication by a unit of R.

Specialising to R = F[z] and M = (v1) = {f(x)v; : f(x) € Fz]}:
Anngp,)(v1) = {f(z) € Fla] : f(z)v1 = 0} = (g(v)) = (ug(x)) foreveryu € F\ {0}.
This ideal has a monic generator, and it is unique; denote it by f1(z). Then

(1) = {f(@)vr : f(z) € Fla]} = Fla]/ Anngy(v1) = Fla]/(fi(2)).

Theorem 1.64 (Structure theorem for finite abelian groups — recalled). Suppose G is a finite abelian group. Then
G=Zp & &Ly, ny|ng |- | ng.

The integers nq, . .., ny are called the invariant factors of G.

By theorem 1.57, the F[x]-module V (via T') is a finitely generated torsion module over the PID F[z], exactly as a
finite abelian group is a finitely generated torsion Z-module. The structure theory runs in complete parallel.

1.6.12 The Cyclic Decomposition Theorem

Theorem 1.65 (Cyclic Decomposition Theorem). Suppose V is a finite-dimensional vector space over a field F
and T is a linear operator on V. Then there exist vectors vy, ..., vx € V such that

VE)d- @ (vg) as [F[z]-modules,
equivalently, as vector spaces over I,
V= Z(vl;T) D---D Z(vk;T)7

where Z(v;; T') = (v;) is the smallest T-invariant subspace of V' containing v; (equivalently, the cyclic submodule
of the IF[x]-module V' generated by v;). Moreover, writing f;(x) for the monic generator of Anng(,)(v;),

V = Fla)/(fi(2) @ - - & Fla]/ (fu(@)),

where

fu@) | fa(a) |- | fr(@).

Definition 1.66. The polynomials fi(x) | fo(x) | --- | fx(2z) in theorem 1.65 are called the invariant factors of
T. The largest invariant factor fi(x) is the minimal polynomial of T', and the product f;(z)fa(x) - fx(x) is
the characteristic polynomial of 7.

1.6.13 Companion matrices and the Rational Canonical Form

Writing T; = T'| z(v,;1), the set
{Uiv ﬂviv R ﬂni_lvi}v ng :degfia
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is a basis §; of Z(v;;T), and the matrix of T; with respect to §; is the companion matrix Cy, of f;(x). Taking
B = p1U---U Py as an (ordered) basis of V, we obtain a block-diagonal representation

[T]s = N o Alfale L e

This is the Rational Canonical Form (RCF) of T'.

Remark 1.67 (Three levels of “nice” representation, and what is actually guaranteed). Given an operator 7', one
looks for a nice matrix representation:

(1) a diagonal matrix — not guaranteed (only when 7" is diagonalisable);

(2) a block-diagonal matrix with elementary Jordan blocks — not guaranteed in general (only when the
characteristic polynomial splits over IF);

(3) ablock-diagonal matrix with companion matrices as blocks (with the divisibility chain fy | fo | -+ | fx) —
always guaranteed, by the Cyclic Decomposition Theorem.

1.6.14 Definition of invariant factors, restated

Definition 1.68.

(1) Let A € M,,(F). Suppose A is similar to a block-diagonal matrix whose blocks are companion matrices
Cyyy...,Cppwith f1 | fo| ---| fr.- Then fi,..., fr are called the invariant factors of A; they are unique
in the sense that any other such chain ¢; | g2 | - - - | gr obtained from a similar block-diagonal matrix of
companion matrices must satisfy g; = f; for all 4.

(2) Suppose V is a finite-dimensional vector space and T' € £(V). Realise T by a matrix A = [T]g with
respect to some (any) ordered basis 5 of V (e.g. for A € M, (F),V =F*and T : F* — F", 2 — Ax).
The invariant factors of T' are, by definition, the invariant factors of A.

1.6.15 Similar Linear Operators

Definition 1.69. Given two linear operators 5,7 : V' — V, we say S and 1" are similar if there exists a bijective
linear operator U : V' — V such that
T=U"'SU.

Remark 1.70. Corresponding F[z]-modules (i.e. V viewed via S and V' viewed via T') are isomorphic precisely
when S and 7" are similar. This is the module-theoretic reformulation of similarity, and it is the conceptual
reason invariant factors — being isomorphism invariants of the module V' — are a complete similarity invariant.

1.6.16 Worked Examples
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Theorem 1.71. If A is the companion matrix of a monic polynomial f(z) = ag + a1z + -+ + ap_12" " + 2",
that is,

0 0 0 —ap
1 0 0 —ai

A — O 1 0 —a9 ,
0O 0 -+ 1 —ap

then f(x) is both the characteristic polynomial and the minimal polynomial of A.

Proof. Lete; = (1,0,...,0). Then
Ae; = (0,1,0,...,0) = e, A%e; = (0,0,1,...,0) = es, A" e =(0,...,0,1) = e,.

Hence
Z(e1; A) = span{eq,...,e ) =V,

so e is a cyclic vector for A. (As a general fact, if a linear operator on a finite-dimensional space has a cyclic vector,
its characteristic and minimal polynomials coincide.)

To see this directly: write p(A) = aol + a1 A + -+ + a,_1 A"~ + A", A direct computation using Ae; =
es,..., A" le; = e, and the last column of A shows

and then, using Ap(A) = p(A)A,
p(A)es = p(A)Ae; = Ap(A)e; = A-0=0, R p(A)e, = 0.
Since {ey,...,e,} isabasis of V, p(A) = 0. As e; is a cyclic vector, the minimal polynomial of A has degree exactly

dim V' = n = degp. Hence p is the minimal polynomial, and since p is monic of degree n and annihilates A while
having the right degree, p is also the characteristic polynomial of A. ]

Example 1.72. The companion matrix of f(z) = 2% + 1 is
0 -1
(1 0 > € M (R).

Example 1.73 (A 5 x 5 matrix with x4 = m ). Give an example of a 5 x 5 real matrix whose characteristic
polynomial and minimal polynomial are the same.
Take the diagonal matrix

10 0 00
02 0 00
A=[0 0 -1 0 0feMR).
00 0 30
00 0 0 4

Then x4(z) = (z — 1)(x — 2)(z + 1)(x — 3)(x — 4). Since x 4 and m 4 always have the same roots, and here
all five roots are simple and distinct,

ma(z)=(x—1)(x—2)(x+ 1)(z —3)(x —4) = xa(z).
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Example 1.74 (A non-diagonalisable 5 x 5 matrix with y 4 = m 4). Give an example of a 5 x 5 real matrix (not
necessarily diagonalisable) whose characteristic and minimal polynomials are the same.
Take the single elementary Jordan block of size 5:

N

|
coocowN
cCo o~
cCoM~Oo
N S
O = O OO

An elementary Jordan block always has x4 = m4 = (z — \)™, because the standard basis vector e; is a cyclic
vector for A: T has a cyclic vector if and only if the minimal and characteristic polynomials are identical.

More generally, any cyclic operator (one possessing a cyclic vector) can be put, via {v, Av, A%v, A3v, A*v},
into the companion-matrix form of theorem 1.71: if f(x) = 2° + az* + ba® + ca2? + dx + e is the desired
common characteristic/minimal polynomial, the companion matrix

0 00 0 —e
10 00 —d
01 0 0 —c
0 01 0 -b
0 001 —a

works equally well.

Example 1.75 (The all-ones 100 x 100 matrix). Let A = (a;;) € Migo(R) with a;; = 1 for all 4, j. Determine
the minimal and characteristic polynomials of A.
Solution. If a matrix B has constant row sum nJ, then n is an eigenvalue, since

A A A 1 1
z ] =
A A A 1 1
(For constant column sum, apply this to BT; recall xp = xpr.)
Here every row sum of A is 100, so 100 is an eigenvalue of A. Also rank A =1, so

Null(A) =100 — 1 =99,  dimker(A —0- I g0) = 99,

i.e. 0 is an eigenvalue with geometric multiplicity 99. (Recall: for any matrix B and scalar A, A is an eigenvalue
of Biff ker(B — A\I) # 0, and the geometric multiplicity is dim ker(B — AI).) Hence the algebraic multiplicity
of 0 is at least 99. Since A is 100 x 100 and 100 is also an eigenvalue, the algebraic multiplicity of 0 is exactly
99, and

xa(z) = 2% (z — 100).

The algebraic and geometric multiplicities of every eigenvalue of A coincide (99 = 99 for 0, and 1 = 1 for 100),
so A is diagonalisable; hence m 4 is a product of distinct linear factors, and since m 4 and x 4 have the same
roots,

ma(x) = z(z — 100).
In particular A is similar to diag(100,0, ..., 0) (99 zeros).
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Example 1.76 (Operators of rank one). Suppose 7" is a linear operator on a finite-dimensional vector space with
rank 7" = 1. What can be said about 7'?
Solution. Exactly one of the following holds (never both):

» T is diagonalisable: then 1" has eigenvalue 0 with multiplicity n — 1 and a single nonzero eigenvalue A,
and mp(x) = z(x — \);

« T is nilpotent (but not zero): then T2 = 0, my(x) = 22, and the Jordan form of T consists of Jordan
blocks of order 1 (i.e. zero blocks) except for exactly one block of order 2 — this is forced because, for a
nilpotent operator with blocks of size at most 2, rank 7" equals the number of blocks of size > 2.

Example 1.77 (Possible invariant factors from x and m). Suppose xr(z) = (z — 2)°(z — 3)* and mr(z) =
(x — 2)%(x — 3)2. What are the possible invariant factors of T°?
Method. If f1 | fa | - - | fx are the invariant factors, each f; is of the form (z — 2)% (z — 3)% with

0<a; <ax <--- <ay, 0<b <bp <o < by,

a1+...+ak:57 b1+"'+bk:47 ak:bk:2

(the last condition coming from f; = mq). So one writes 5 as an ordered sum (a partition, read in increasing
order) of parts each < 2 with largest part = 2, and likewise 4, and pairs them up using a common number of
parts (padding the shorter list with leading 0’s). The partitions of 5 into parts < 2 with largest part 2 are

5=14+24+2=14+14+1+2,
and the partitions of 4 into parts < 2 with largest part 2 are
4=24+2=1+1+2.
Pairing lists of equal length gives two valid invariant factor chains:
(z—=2)(@—3)| (@ -2 —3) | (@ — 2@ -3

(x —2) ‘ (x —2)(z —3) | (x —2)(xz —3) } (z — 2)%(z — 3).

(A pairing such as (z — 2)3(z — 3)? | (z — 2)?(z — 3)? fails, because the exponents of (z — 3), namely 0 and
2, sum to 2 # 4; similarly for other mismatched pairings.) Each valid chain corresponds to a possible primary
rational canonical form for T' (rational canonical form with respect to elementary divisors), and — when the field
is such that x — 2, x — 3 split off completely — each also corresponds to a Jordan canonical form, obtained by
further decomposing each (z —2)%, (x —3)® factor into its own Jordan block. This is the precise correspondence
between the Rational Canonical Form and the Jordan Canonical Form: they encode the same data (the elementary
divisors), merely packaged differently.

1.7 5 May

1.7.1 Bilinear Forms

A linear form (or linear functional) on V is a linear map

f:V—TF,  flav+pw) = af(v) + Bf(w).

A bilinear form combines two “slots”, each behaving linearly.
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Definition 1.78. Suppose V is a vector space over a field F. A mapping

f:VxV —=F
is said to be a bilinear form if
flawy + Bog, v3) = af(vi,v3) + Bf(v2,v3), (1.20)
f(v1, avs + Bus) = af(vi,v2) + Bf(v1,v3), (1.21)

for all v1,v,v3 € V and all o, 8 € FF (i.e. f is linear in each variable separately, the other held fixed). If instead
f:V xV — V satisfies the analogous conditions, f is called a bilinear mapping.

Definition 1.79. A sesquilinear form, or simply a form, on a real or complex vector space V is a function
f:V xV = F(F =R or C) such that

o flau+v,w) = af(u,w) + f(v,w)
o flu,ov +w) =af(u,v) + f(u,w)
Yu,v,w € V andVa € F.

1.7.2 The matrix of a bilinear form

Suppose dim V' = n is finite and § = {v1,...,v,} is an ordered basis of V. The n X n matrix
A=(ai;) € My(F),  ay; = fui,v;) (1 <4, <n),

flor,v1)  flor,v2) - f(vr,0n)

A= f(va,v1)  flvg,v2) -+ f(v2,vp)

Fomm)  Fomvs) o f(on o)

is called the matrix of f with respect to 3, denoted [f] 3.

Theorem 1.80. Suppose V is a finite-dimensional vector space over IF and f is a bilinear form on V. Let

B8 = {v1,...,v,} be an ordered basis of V, and let A = [f]g. Then for all v, w € V,

flv,w) = [v]5 Alws.

Proof. Write v = aqv1 + -+ + apv, and w = y1v1 + - - - + Y, Vp, so that

aq ga!
[U]ﬁ - ) [w]ﬁ =
Qnp Tn
Using bilinearity of f repeatedly,

flv,w) = f(Zaivi, w) = zn:aif(vi,w) = iaJ(vi,zn:'ijj)
i=1 i=1 j=1

=1

vif Wi 0;) =0 iy a.

1 i=1j=1

[
NE

n n n
a;

i=1
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On the other hand,

T n n
[v]BTA[w]/g =(a1,...,an)A | 1 | = ai<z aij’yj) = Zai'}/jaij~
= i

i=1 =1
Tn !

The two expressions agree, proving the claim. (One may also verify this column by column: [v]gA[w} s applied
with v = v;, w = v; standard basis vectors of F™ recovers a;; = f(v;, v;) directly, and the general case follows by
bilinearity in each argument separately, as carried out above.) ]

1.7.3 The converse: every matrix gives a bilinear form

Theorem 1.81 (Generating bilinear forms from matrices). Suppose V' is an n-dimensional vector space over
a field F and A = (a;;) is an n X n matrix over F. Let § = {v1,...,v,} be an ordered basis of V. Define
f:VxV =>Fby

flv,w) = [o]§ Alwls.
Then f is a bilinear form on V with [f]g = A.

Proof. First, [f]s = A: taking v = v, w = vy,
f(vlavl) = (1707"'70)‘4(170""70)T = a1,

and likewise f(v1,v2) = (1,0,...,0)A(0,1,0,...,0)" = ay2, and in general f(v;,v;) = a;;.
Next, bilinearity. Let u,v,w € V and a, 8 € F (reusing (3 generically here for the scalar, with apologies for
notation clash with the basis). Then [au + Sv] = afu] + B[v] (coordinates are linear in the vector), so writing
T

[u) = (21, 20) T, 0] = (W1, )T W] = (21,5 20) 7,
f(au'f'ﬁvv U)) = (Ckil'l +ﬁy17~'~7amn +ﬁyn)A(le-~vzn)T

= a(xl,...,xn)A(zl,...,zn)T + ﬁ(yl,...,yn)A(zl,...,zn)T
O‘f(uvw) +ﬁf(7),w)7

using the distributivity of matrix multiplication over addition. This proves linearity in the first slot. Linearity in the

second slot is proved the same way, since A[aw; + Sws] = aAfwi] + BA[ws]. Hence f is bilinear. [ |
Example 1.82. Let A = (;’ i) € My(R), V =R? 3 = {e1,e2} = {(1,0),(0,1)}. For (z1, x2), (y1,y2) €
R2,

1 2
(w1, 22) <3 4) <z;> = x1y1 + 2x1Y2 + 3T2y1 + 4x2y2.

This is a homogeneous polynomial in 21, 22, Y1, y2 (of degree one in the 2’s and degree one in the y’s).

Remark 1.83. A bilinear form over F" is nothing but (the formula for) a homogeneous polynomial expression

1 2 0
that is linear in each of two blocks of n variables. For example, with A= |3 4 0] € M5(R),
0 0 O

(z1, 29, 23)A(y1,Y2,Y3)" = 2191 + 221Y2 + 3x2y1 + 4m2y2 + 0,

which happens to have no x3, y3 terms; whether one regards this as a bilinear form over R? or over R depends
entirely on which space V' was declared to be. If dim V' is not specified, the question is simply incomplete
information.
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1.7.4 Matrices and linear transformations: an aside

For comparison, recall the dictionary between matrices and linear maps:
A€ Mpyxn(F) ~ Lg:F"—F" z— Az,

and, more generally, for dim V' = n with basis $; and dim W = m with basis 53, every linear map 7" : V' — W is
represented by a matrix [T]gf € M 5n(F), giving an isomorphism of vector spaces

LV, W) = My xn(F).

This is the model for the analogous statement about bilinear forms below.

1.7.5 The Vector Space of Bilinear Forms

Definition 1.84. Let Bil(V') denote the set of all bilinear forms on V. Define, for f,g € Bil(V) and A € F,

(f +9)(v,w) = f(v,w) + g(v,w), (Af) (v, w) = Af(v,w) Vo,weV.
Proposition 1.85. With the operations above, Bil(V) is a vector space over F.

Theorem 1.86. If dim V' = n, then Bil(V) & M,,(F), via f — [f]s for any fixed ordered basis 5 of V.

1.7.6 Inner Products

Definition 1.87. Let V be a vector space over F (where F = R or C). A mapping
(+,):VxV —TF

is called an inner product on V if it satisfies, for all u, v,w € V and A € F:

1) (v,w) = (w,v) (conjugate symmetry)
(i) (Av,w) = Av,w) (linearity in the first slot, scalars)
(iii) (v +v,w) = (u, w) + (v, w) (linearity in the first slot, vectors)
(iv) (v,v) >0forallv £A0€V (positivity)

Here = denotes complex conjugation. Note that if F = R, condition (i) simply reads (v,w) = (w, v) for all
v,w e V.

1.7.7 Basic consequences
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Proposition 1.88. Let (-, - ) be an inner product on V. Then:
() Conditions (i) and (ii) together imply
(v, \w) = X (v, w) Vo,weV, AeF.
(Il) Condition (i) implies (v, v) is real for every v € V.
(IlT) Conditions (ii) and (iii), used separately, give
(0,0) =(0-v,0)=0-(v,0) =0
(the first O a scalar, the second a vector).

(Iv)

(v, u+w) = (u+ w,v) = (u,v) + (w,v) = (u,v) + {(w,v) = (v,u) + (v, w).

Proof. (1): (w, Av) 0 (A, w) @ Mov,w). Also (w, \) = A w,v) once we know the result for the first slot w...
more directly: apply (i) and (ii) as in the displayed computation in part (IV) above with the roles of the arguments
adjusted; the stated identity follows by conjugating (Aw, v) = A{w, v) and using (i) twice. (I): by (i), (v, v) = (v, v),
so (v,v) € R. (II) and (IV) are the displayed computations. |

Remark 1.89.
(i) An inner product on a complex vector space is conjugate-linear in the second slot (by Proposition 1.88(T)).

(if) An inner product on a real vector space is a bilinear form (no conjugation needed, since F = R).

1.7.8 The matrix of an inner product

Definition 1.90. Let ( -, - ) be an inner product on a finite-dimensional vector space V over F (= R or C), and
let 5 = {v1,...,v,} be an ordered basis of V. The n x n matrix A = (a;;) € M, (F) is said to be the matrix of
the inner product (-, - ) with respect to 3 if

aij = (vj,v;) forl1 <i,5 <n.

Theorem 1.91. With the notation above, for v,w € V:
@ (v,w) = [w]g Avls.
(i) A* = A, where A* = (Z)T (the conjugate transpose).

(iii) For everyv # 0 €V, [v]5 Av]g > 0.

Proof. (i) follows exactly as in theorem 1.80, with the convention a;; = (vj, v;) producing the transposed argument
order. (ii): since a;; = (vj,v;),

aij = (vj,v;) = (vi, V) = aji,

which is exactly the statement (A)T = A, i.e. A* = A. (iii) is condition (iv) (positivity) of the definition of inner
product, rewritten using part (i) with v = w. |
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Definition 1.92. A matrix A € M,,(F) satisfying A* = A (Hermitian, or symmetric when F = R) and 7 Az > 0
for all = # 0 (suitably interpreted with a conjugate where I = C) is called a positive definite matrix.

1.7.9 Building bilinear/inner-product forms from linear forms

Example 1.93 (Combining two linear forms). Given linear forms f,g : V — F (or, more generally, two
real-valued functionals), one obtains a bilinear form on V' x V via

(v, w) — f(v) g(w).
For instance, on R? x R?, writing v1 = (21, 1), v2 = (72, y2), the assignment
(v1,v2) = T12 + 24192

is built this way (and is, in fact, an inner product on R2).

Exercise 1.94 ([HK70]). Can you define an inner product on R? such that ((1,0), (0, 1)) # 0? How many such
inner products are there?

Example 1.95 (The standard inner product on R?). With 8 = {e1,e2} = {(1,0), (0,1)}, the standard inner

product has matrix
<61,61> <62,€1> _ 1 0 —7I
<€1,62> <62,62> 0 1 2L

and for z,y € R?, (z,y) = yT Iz = yTa.

1.7.10 Change of Basis

Suppose f is a bilinear form on a finite-dimensional space V, and 8; = {v1,...,v,}, B2 = {w1,...,w,} are two
ordered bases of V. What is the relationship between [f]s, and [f]g,? (One may ask the analogous question for an
inner product.)

Let P = (pij )nxn be the change-of-basis matrix expressing 5 in terms of /1:

W; = P1;V1 + P2jV2 + - -+ + PnjUn, j=1,...,n.

Equivalently, P = [Idv]g;; or, letting T : V' — V be the (necessarily bijective) linear operator with T'(v;) = w;,
P = [T)p,. Either description shows that P is invertible (its inverse is [Idv]gf, respectively [T~ 1]g,).

Theorem 1.96 (Congruence transformation). With the notation above,

[f]ﬁzZPT[f]ﬁlpa

and, if (-, - ) is an inner product on V,

[<.7.>]62 = p* [(.7.>]ﬂ1 P.

(This is left as an exercise: combine theorem 1.80 (resp. theorem 1.91) with the change-of-basis formula [v]g, =
P[U]ﬂz )
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Remark 1.97. theorem 1.96 is the bilinear-form/inner-product analogue of the similarity transformation [1']g, =
P~YT)g, P for linear operators (§6). The key structural difference is that matrices of bilinear forms transform by
congruence (PT (-) P), while matrices of linear operators transform by similarity (P~ (-) P); for inner products
the relevant transformation is congruence by P*, reflecting the conjugate-symmetric nature of the form.
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THEME 2

FiIELD AND GALOIS THEORY

2.1 20 April

The key idea of Galois theory is to relate a field extension K C F’ to the group of all automorphisms of F' that fix K
elementwise (the Galois group of the extension). The fundamental theorem of Galois theory states that there is a
one-to-one correspondence between the intermediate fields of a (finite dimensional) Galois field extension and the
subgroups of the Galois group of the extension.

2.1.1 Characteristic of a field

We already know that a field is a commutative division ring.

Definition 2.1. The characteristic of a field K is the smallest positive integer n such that n - 1x = 0, where 1x
is the multiplicative identity in K. If no such positive integer exists, we say that the characteristic of K is zero.
We denote the characteristic of K by char(K) = n.

Example 2.2. For any prime p, the finite field Z, has characteristic p. The field of rational numbers Q has
characteristic zero. The field of real numbers R and the field of complex numbers C also have characteristic zero.

Theorem 2.3. The characteristic of a field is either zero or a prime number.

Proof. Let K be a field and let n = char(K). Thenn - 1 = 0. Assume for contradiction that n is composite, say
n = abwith 1 < a,b < n. Then we have

(ab)-leO - (CL'lK)(b'lK):O - a-lK:Oorb-leo,

since K is a field. This contradicts the minimality of n. Therefore, n must be prime or zero. ]

Definition 2.4. In a commutative ring R with identity,
1. for a,b € R, a | bmeans 3¢ € R such that b = ac.
2. u € R is said to be invertible or unit if v € R such that uv = 1.
3. a € R is said to be irreducible if a is not a unit and ¢ = bc = b is a unit or c is a unit.

4. a nonzero nonunit a € R is said to be prime if whenever a | bc = a|bora]c.
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Definition 2.5. Let K be a field. A polynomial f(z) € K[z] is irreducible if deg f > 1 and if we cannot write
f(zx) as the product
f(z) = g(x)h(x)

with g, h € K[z], g,h ¢ K and deg g, deg h < deg f.

In other words, an irreducible polynomial is a non-constant polynomial that cannot be factored into the product of
two non-constant polynomials. If R is a ring, then f € R[z] is irreducible if f is irreducible over the field of fractions
of R.

Example 2.6. f(z) = 2(z + 2) € Z[z] is not irreducible element but it is an irreducible polynomial.

For a field K, the polynomial ring K'[z] is a principal ideal domain (PID) and hence a unique factorization domain
(UFD). Therefore, in K|z], the notions of irreducible and prime elements coincide. In particular, an irreducible
polynomial over a field is also an irreducible, and hence prime, element.

A polynomial of degree 2 or 3 over K is irreducible if and only if it has no roots in K.

Example 2.7. The degree 4 polynomial z* + 22 + 1 = (22 + x + 1)(2? — 2 + 1) is reducible.

Now as K[z] is PID, f € K|[x] is irreducible if and only if the ideal (f) is a prime ideal, and in a PID every prime
ideal is maximal. So f is irreducible if and only if (f) is a maximal ideal. Now, an ideal M in a commutative ring R is
maximal if and only if the quotient ring R/M is a field. Therefore, f is irreducible if and only if the quotient ring
K[z]/(f) is a field.

Example 2.8. The polynomial 22 + z + 1 is irreducible over Z, as it has no roots in Z,
024+0+1=1#20 (mod2), 12?+1+1=1%#0 (mod 2)

Therefore, the quotient ring Zs[z] /(2% + z + 1) is a field.

Question 2.9. Explicitly describe the elements of Zy[z]/(2? + x + 1).

Solution. Let f(x) € Zsa[x] then by the division algorithm, we can write f(z) = ¢(z)(z? + z + 1) + r(z) where
q(z),r(z) € Za[z], 7(x) =00rl < degr(z) < deg f(x). Then we have

Lo[z]/(2® + w4+ 1) = {f(2) + (2" + 2+ 1) : f(2) € Zs[z]}
={r()+ @ +z+1):r(z) =ax+b, a,b € Ly}
={az+b+ (@*+z+1):a,b€Zs}
={0+@*+2+1),1+ @ +2+1),z+ (2> +z+1),2+1+ (" +2+1)}
={0+1,1+L,za+1,xa+1+1}.
Let I = (22 + z + 1) be the ideal generated by 22 + x + 1 in Zs[x]. We then have the following Cayley tables,

+ | 041 1+1 e+l x+141
0+1 0+1 1+1 z+1  o+1+1
1+1 1+1 0+I z4+1+1 x+1
z+1 c+1I  o+1+1 0+1 1+1

x+1+1|z+1+1 z+1 1+171 0+1
and
041 141 c+1  x41+41
0+1 0+1 0+1 0+1 0+1

L+1 |0+1 1+1 c+1 w4141

x+1 0+I x+1 xz+1+1 1+17
cH+14+1[0+1 z+141 1+1 x4 1
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where recall that (a + I)(b+ I) = ab+ I so, for instance,
(x+D(x+D)=2>+T=a+1+1,

(x+14+ D+ = +x+T=1+1,
(z+1+D@+1+1)=(@+1)>*+1
=2+ +1+I=a’4+1+1=a+1,

and so on, with the working principle! being to take 22 + = + 1 as 0. From the Cayley tables, we can see that every
non-zero element has its inverse

A+t =1+1,
(x+D)tP=x+1+1,
(x+1+D) =241

Hence, Zs[x]/(2? + 2 + 1) is a field with 4 elements. |

Theorem 2.10. Let p be a prime and f(z) € Z,[x] be an irreducible polynomial of degree n. Then we have

|Zp[2] /()] = P

Proof. Let g(x) € Z,[x] then by the division algorithm, we can write g(z) = q(z)(f)+r(x) where g(z), r(z) € Z,[z],
r(z) =0or 1l < degr(z) < deg f(x) = n. Then we have g(x) + (f) = r(z) + f, so

Zpla]/(f) = {9(x) + () : 9(x) € Zy[x]}
={r@@)+(f):r@@)=a+az+ - +ap_12""", a; €Ly}
= {ao Yax+Fan12" "+ (f):a; € Zp}

Zp[z]/(F)] = p™ u

and we have p choices for each a;. Hence,

Lemma 2.11. For a finite field F, char(F’) # 0.

Proof. Let F be a finite field and let char(F') = 0. Then there is no positive integer n such that n - 1 = 0. Now, we
can write

F:{1F71F+1F,---}

and as F is finite there exist positive integers m < n such that m -1z = n - 1p. Then (n — m) - 1p = 0. This
contradicts the assumption that char(F') = 0. Hence, char(F) # 0. [ |

Theorem 2.12. Every finite field is of order p™ for some prime p and positive integer n.

For proof, see section 2.1.3.

'mR/L,a+I=b+Iifa—beliffa="b (mod I).
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2.1.2 Prime subfield

Definition 2.13. The prime subfield of a field K is the smallest subfield of K i.e. the intersection of all subfields
of K, i.e. the subfield of K generated by Ox and 1.

Theorem 2.14. The prime subfield of a field K is isomorphic to either Q (when char(K) = 0) or Z, (when
char(K') = p) for some prime p.

Proof. Define amap ¢ : Z — K by ¢(n) = n - 1x for n € Z. Then ¢ is a ring homomorphism. If char(K) = 0,
then ker ¢ = {0} and hence ¢ is injective. Therefore, K contains an isomorphic copy of Z (by the first isomorphism
theorem) and hence an isomorphic copy of Q. If char(K') = p for some prime p, then ker ¢ = pZ and hence by the
first isomorphism theorem, Z/pZ = im ¢. So K contains an isomorphic copy of Z,. Therefore, the prime subfield of
K is isomorphic to either Q or Z,,. u

Example 2.15. The prime subfield of both Q and R is Q.

2.1.3 Field extension

Definition 2.16. A field F' is said to be an extension field of a field K if K is a subfield of F' or K is isomorphic
to a subfield of F. We denote this by F'/ K. In particular, every field is an extension field of its prime subfield.
Every extension field F' of K is a vector space over K with the scalar multiplication given by the field

multiplication in F. The dimension of this vector space is called the degree of the extension and is denoted by
[F: K].

Example 2.17. R is an extension field of Q and [R : Q] = oco. The field C is an extension field of R and
[C:R]=2.

Example 2.18. We saw Zs[z]/(z> + z+ 1) = {az + b+ (z® + 2+ 1) 1 a,b € Zs } , s0 Zo[z]/(2® + x + 1) is
an extension field of Z, with degree [Zz[z]/(2? + x + 1) : Z3] = 2.

Proof of theorem 2.12. Let F be a finite field. Then char(F') = p for some prime p. Then the prime subfield of F' is
isomorphic to Z,. Consider F as an extension of Z, and let [F' : Z,] = n be the dimension of this vector space. Then
F>Z,x---xZ,(antimes), so |F| = p™. |

| Theorem 2.19. Any ring homomorphism with domain a field is either a zero morphism or a monomorphism.

Proof. Let ¢ : F' — F’ be a ring homomorphism with domain a field F. Then ker ¢ is an ideal of F. Since F is a field,
the only ideals of F" are {0} and F. If ker ¢ = F, then ¢ is the zero morphism. If ker ¢ = {0}, then ¢ is injective and
hence a monomorphism. |

| Question 2.20. Make a field of order 343, two fields of order 8 and two fields of order 9.

Solution. The polynomial 2® — 2 is irreducible in Z;[z], so Z7[x] /(2 — 2) is a field of order 73 = 343.

Two fields of order 8 are Zy[z]/(x® + x + 1) and Zo[z] /(2> + 22 + 1) as both 23 + x + 1 and 2% + 22 + 1 are
irreducible over Zy. Two fields of order 9 are Z3[z]/(x? + 1) and Z3[z]/(2? + x + 2) asboth 2 + 1 and 22 + = + 2
are irreducible over Zs. |
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2.2 8 May
2.2.1 Algebraic and transcendental number

Definition 2.21. Suppose K/F is an extension field. Then o € K is called algebraic over F if there exists a
nonzero polynomial f(z) € F[z] such that f(«) = 0. Otherwise, « is called transcendental over F'.

Example 2.22. v/2 € R is algebraic over Q since it is a root of 22 — 2 € Q[z]. On the other hand, 7 € R is
transcendental over Q since it is not a root of any nonzero polynomial in Q[z]. But 7 is algebraic over R since it
isaroot of x — 7 € Rx].

Definition 2.23. The algebraic elements of C/Q are called algebraic numbers, and the transcendental elements
of C/Q are called transcendental numbers.
« € Cis called an algebraic integer if it is a root of a monic polynomial in Z|x].

Exercise 2.24. If « € Q is an algebraic integer, then show that « € Z.

Solution. As o € Q, we can write v = ¢ for some a, b € Z with b # 0. If « is an algebraic integer, then it is a root of

a monic polynomial f(z) = 2" + Cn12" "+ - 4+ ¢c12 + ¢ with coefficients in Z. Substituting o = % into this
equation and multiplying through by 0™ gives
a" + cp_1a" " b4 - 4 crab™ Tt 4 cob™ = 0.

This implies that a™ = —(c,,_1a™ b+ - - + c1ab™ ! + cob™). Since the right-hand side is divisible by b, it follows
that a” is divisible by b. But since gcd(a,b) = 1, we must have b =1,so a = a € Z. [ |

2.2.2 Extension fields generated by subsets

Definition 2.25. Let K/ F be an extension field and S C K. Then
« F'(S) is the smallest subfield of K containing F' U S. It is called the subfield generated by S over F.

« F'[S] is the smallest subring of K containing F' U S. It is called the subring generated by S over F.

Note that F'[S] is necessarily an integral domain. If S is finite, say S = {aq, ..., a,}, then we write F[S] =
Flag,...,ay]and F(S) = F(ag, ..., an).

Example 2.26. Consider the field extension R/Q and let S = {1/2}. Then the subring generated by S over Q is
Q2] = {a+bv2: a,b € Q}. Also, if « € Q(v/2) then

_a+ bv/2

¢ +dv2

_ (a+bv2)(c—dv2)

(e +dv2)(c—dV2)

(ac — 2bd) + (bc — ad)v/2
c2 — 2d2

ac—2bd  bc—ad

¢ — 2d? + ¢ — 242 V2.

Thus, the subfield generated by S over Q is Q(v/2) = {a +bv2: a,b € Q} = Q[v2] in this case.
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Theorem 2.27. Let F// K be an extension field, X C F and u, u; € F.

1. the subring K[u] is the set of all elements of the form f(u) where f € K[x];

2. the subring Kuq, ..., ] is the set of all elements of the form g(uy, ..., u,,) where g € K[x1,...,Tn];
3. the subring K'[X] is the set of all elements of the form h(uq,. .., u,) where each u; € X, n is a positive
integer and h € K[z1,...,Zy];
4. the subfield K (u) is the set of all elements of the form Z:EZ; = f(u)g(u)~" where f,g € K[z] and
g(u) # 0;
5. the subfield K (uq, ..., ur,) is the set of all elements of the form
h(uy, ..., tm) 1
e OEEED o (e
E(ut, ... um) (1, - um )k tm)

where h, k € K[x1,...,2n] and k(u1, ..., Upy) # 0;

6. the subfield K (X) is the set of all elements of the form M = f(ury .o un)g(u, .. ty)
g(ug, ..., uy
where each u; € X, n is a positive integer and f, g € K|x1,...,2z,] with g(uy,...,u,) # 0.
Proof. See [Hun74, Theorem 5.1.3, p. 232] [ |

In example 2.26, we saw that Q[v/2] = Q(v/2). But when is F[a] = F () true?

Theorem 2.28. Let K/ F be a field extension and o € K. Let ¢ : F[x] — F[«] be defined by ¥(f(z)) = f(«).
Then 1 is a ring homomorphism.

Proof. Let f,g € Fz] and ¢ € F. Then

Thus, v is a ring homomorphism. ]

Remark 2.29. Here,

kerp = {f € Flz] : (f(x)) = 0}
={f € Fla]: f(a) =0}
= the set of all polynomials in F'[z] that have « as a root

= the set of all polynomials in F'[z] that annihilate a.

As F[x] is PID, ker ¢ is a principal ideal of F[z]. If ker ¢ = {0}, then ¢ is injective and hence an isomorphism.
Now,

« if o is transcendental over F', then ker ¢ = {0},
« if o is algebraic over F, then ker ¢ # {0}.

So when « is transcendental, v is an isomorphism.
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Theorem 2.30. Suppose « is algebraic over F. Then F[q] is a field and hence F[a] = F'(«). Further, ker ¢ has
a unique monic generator.

Proof. By the first isomorphism theorem,
F[z]/ ker ¢ = Fla].

Since F[] is an integral domain, F[z]/ker ¢ is also an integral domain. Since F'[x] is a commutative ring with
identity 1, ker ¢ is a prime ideal of F'[z]. Since F'[z] is a PID, ker 1) is generated by a single element, say f(z) € F[z].
Since in a PID, irreducible elements and primes coincide, f(x) is an irreducible element of F'[z]. Thus, ker ¢ = (f(x))
where f(z) € Flx]. Now, since F'[z] is PID, (f(«)) is maximal, so F[z]/ ker ¢ = F[z]/(f(z)) is a field. Hence, F'[c]
is a field. Now F'(a)) C Fla], as F(«) is the smallest subfield of K containing o and F'[a] C F(«) by definition.
Hence, Fla] = F(a). |

Definition 2.31. The unique monic generator of ker ¢ in theorem 2.30 is called the minimal polynomial of o
over F. It is an irreducible polynomial.

Example 2.32. 22 — 2 is the minimal polynomial of v/2 over Q. 2 — 1/2 is the minimal polynomial of /2 over
R.

Theorem 2.33. Let F' be a field and f(z) € F[z] be an irreducible polynomial. Then F' has an extension field
containing a root of f(x), namely

K = Fla]/(f).

Theorem 2.34. Let K/ F be a field extension and o € K be algebraic over F. Then
{1,a,...,0" '} C F(a)
is a basis of F'(«v) over F and hence [F(«) : F] = n where n is the degree of the minimal polynomial of « over

F.

Exercise 2.35. Compute:

2. [Q@) : Q
3. [R(%) : R].

5. [Zs[z]/ (22 + 1) : Zs).

Solutions. [Q(v/2) : Q] = deg (2 —2) = 2. Also, [Q(i) : Q] = [R(:) : R] = [Z3(i) : Z3] = deg (2> +1) = 2.
Finally, we have

Zsla] /(2 + 1) 2= Zs (i),

hence [Z3[z]/(x? + 1) : Z3] = 2 as well. [ |
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2.3 14 May

Recall that in a field extension K/F we defined the evaluation map ¢ : F[z] — Fla] by f(x) — f(a). We saw that
ker ) = {0} iff « is transcendental, and

kery = {f(x) € Flz] : f(a) =0} # {0} <= « is algebraic over F.

The unique monic generator of this ideal ker ¢ is the minimal polynomial m(z) of o over F. It is an irreducible
polynomial. « algebraic implies F'(«) = F'[«a] and

If «, B are both algebraic and the root of the same minimal polynomial, then F'(a)) & F(f). If «, 8 are both
transcendental, then also F'(«) = F(f).

2.3.1 Finitely generated, simple extension

Definition 2.36. If S is finite, then we say F'(.S) is a finitely generated extension of F. If S is a singleton, then
F(S) is a simple extension.

Theorem 2.37 (Tower law). Let K/F and E/F be field extensions. Then
[K:F)=|[K:E|[E:F.

Furthermore, [K : F)] is finite iff [K : F] and [E : F] are finite.

Proof. See [Hun74, Theorem 5.1.2, p. 231]. |

2.3.2 Algebraic extension

Definition 2.38. An extension field K of F is an algebraic extension of F' if every element of K is algebraic over
F. Similarly, a transcendental extension is one where every element is transcendental instead.

Exercise 2.39. Is = algebraic over F' ?

Solution. No. If possible let = be algebraic over F. Then there is some nonzero polynomial f € F[z] such that
f@)=a+az+ - +a,2"=0 = ag=a1=--=a, =0

so f(z) is the zero polynomial, an absurdity. So,  must be transcendental over F. ]
Theorem 2.40. Every finite dimensional extension K /F is finitely generated and algebraic over F.

Proof. If [K : F] = n and u € K, then the set of n + 1 elements {1F, u,u?, ... ,u”} must be linearly dependent.
Hence there are a; € F, not all zero, such that

ao + aju + agu® + -+ apu” =0

which implies w is algebraic over F. As u was arbitrary, K is algebraic over F. If {vq,...,v,} is a basis of K over F,
then it is easy to see that K = F' (v1,...,v,). |
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Example 2.41. As x is not algebraic over F, F'(z) is not an algebraic extension of F. So F'(x) is not a finite
extension of F, even though F'(x) is a finitely generated (even simple) extension of F.

Theorem 2.42. If F' is an extension field of K and X is a subset of F such that F' = K (X)) and every element
of X is algebraic over K, then F' is an algebraic extension of K. If X is a finite set, then F' is finite dimensional
over K.

Proof. If v € F thenv € K(uy,...,u,) for some u; € X and there is a tower of subfields
K C K(ul) C K(ul,uQ) c---C K(U1,...,u”_1) C K(ul,...,un).

Since u; is algebraic over K, it is necessarily algebraic over K (uq,...,u;—1) for each i > 2, say of degree r;. Since
K(uy,...,ui—1)(u;) = K(uq,...,u;), we have [K (u1,...,u;) : K(uy,...,u;—1)] = r;. Let 1 be the degree of uy
over K. Then repeated application of tower law yields [K (u1,...,u,) : K] = riro---r,. Then by theorem 2.40,
K(u1,...,uy),and hence v, is algebraic over K. As v € F was arbitrary, F is algebraic over K. If X = {uq,...,u,}
is finite, the same proof with F' = K (u1, ..., u,) shows that [F : K| = ryrg- - -7, is finite. [ ]

Theorem 2.43. Let F’ be an extension field of K and F the set of all elements of F' which are algebraic over K.
Then F is a subfield of F), which is, of course, algebraic over K.

Proof. If u,v € E then K (u, ) is an algebraic extension field of K by theorem 2.42. Therefore, since v — v and uv ™"

(v #0)arein K(u,v),u —vand uv~! € E. This implies that E is a field. [ |

Clearly the subfield E is the unique maximal algebraic extension of K contained in F.

Example 2.44. Not every algebraic extension is finite. For instance, the set of algebraic numbers A is an
infinite-dimensional algebraic field extension of Q.

2.3.3 Splitting field

Definition 2.45. Let f(z) € F[x]. A splitting field of f(x) over F is the smallest extension K of F' containing
all the roots of f(x), i.e. if f(x) ‘splits’ completely into linear factors in K [x] and f(z) does not split completely
into linear factors over any proper subfield of K containing F.

Example 2.46. The splitting field of 2% + 1 over R is C,R(i), R[z]/(2? + 1) all three being isomorphic (not
unique). The splitting field of 22 — 2 over R is R itself (over Q the splitting field is Q(v/2)). The splitting field of
Qis A, forRis C.

Splitting field is always an algebraic extension. Every field has a proper extension (F[z]), but not necessarily a
proper algebraic extension (C). Splitting field of all polynomials over F' is the algebraic closure of F.

2.3.4 Algebraic closure

Definition 2.47. The field F is an - algebraic closure of F' if F is algebraic over F' and if every polynomial
f(x) € F|x] splits completely over F, so that F' can be said to contain all the elements algebraic over F.

Example 2.48.Q = A,R = C.
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Definition 2.49. A field F' is algebraically closed if every non-constant polynomial with coefficients in F has a
root in F.

Example 2.50. C is algebraically closed.

Theorem 2.51. A finite field cannot be algebraically closed.

Proof. Let |F| =m,and F = {ay,...,qn} . Consider the polynomial

f(@)=(z —a1)--(z —am) + a € Flz]
for some o € F \ {0}. Then for any o; € F, f(a;) = o # 0. Thus f(z) has no roots in F, thus F' cannot be
algebraically closed. u

2.3.5 Normal and separable extension

Definition 2.52. If K is an algebraic extension over F' which is the splitting field of a collection of polynomials
f(z) € Flz] over F, then K is called a normal extension of F.

Definition 2.53. An irreducible polynomial f(x) € F[z] is separable if in some splitting field of f over F' every
root of f is a simple root (multiplicity = 1). If K is an extension of ' and u € K is algebraic over F, then u is
said to be separable over F' if its irreducible polynomial is separable. If every element of K is separable over F/
then K is a separable extension of F.

Informally, a normal extension means if it has one root then there are other roots. A separable extension means
all the elements are algebraic and the minimal polynomial is separable i.e. roots are distincts.

Example 2.54. Extension of any field of characteristic 0 is separable.

2.3.6 Galois extension and Galois group of extension field

Definition 2.55. The Galois group of K/ F' is the group of F'-fixing automorphisms of K,

Auwtp(K)={f e Awt(K): f(a)=a VYa € F}.

Definition 2.56. The Galois group of a polynomial f(z) € F[z] is defined to be the Galois group of K over F,
where K is the splitting field of f(x) € F[z] over F.

Exercise 2.57. Find the Galois group of Q(v/2,v/3)/Q.

Definition 2.58. A (finite) normal, separable extension is called a Galois extension.

Every automorphism of a field fixes the prime subfield.
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Theorem 2.59 (The Fundamental Theorem of Galois Theory). If F' is a Galois extension of K, then there is a
one-to-one correspondence between the set of all intermediate fields of the extension and the set of all subgroups
of the Galois group Autg (F) (given by E — E’ = Autg(F)) such that

1. the relative dimension of two intermediate fields is equal to the relative index of the corresponding

subgroups; in particular, Aut (F') has order [F : K];

2. F'is Galois over every intermediate field F, but E is Galois over K if and only if the corresponding
subgroup E' = Autg(F) is normal in G = Autg (F'); in this case G/E’ is (isomorphic to) the Galois
group Autk (E) of E over K.
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